CONDITIONAL ANALYSIS AND A PRINCIPAL-AGENT PROBLEM

JULIO BACKHOFF ' AND ULRICH HORST ?

ABSTRACT. We analyze conditional optimization problems arising in discrete time Principal-Agent prob-
lems of delegated portfolio optimization with linear contracts. Applying tools from Conditional Analysis
we show that some results known in the literature for very specific instances of the problem carry over to
translation invariant and time-consistent utility functions in very general probabilistic settings. However,
we find that optimal contracts must in general make use of derivatives for compensation.

Keywords: Principal-Agent problem, conditional analysis, portfolio delegation, variational utilities.
MSC 2010: 91G10,91G80,91A25,46510,90C39.
JEL: G110,C610,C650,D860.

1. INTRODUCTION

In this article we analyze conditional optimization problems arising in the dynamic Principal-Agent (PA)
Problem of delegated portfolio management. In these models, which belong to the class of contracting
problems under moral hazard, an investor (the Principal) outsources her portfolio selection to a manager
(the Agent) whose investment decisions the investor cannot or does not want to monitor.

Moral hazard problems have been first studied in [I7) [I8] in static environments and in [24] 23] in dy-
namic ones. In recent years, such problems have received renewed attention in the economics and financial
mathematics literature. The seminal contribution [22] analyzed dynamic moral hazard problems in con-
tinuous time in which the output is a diffusion process with drift determined by the Agent’s effort. The
optimal contract, based on the Agent’s continuation value as a state variable, was computed using so-
phisticated stochastic control and PDE methods. Using similar tools, [3] studied a PA model in which a
risk-neutral Agent with limited liability must exert unobservable effort to reduce the likelihood of large
but infrequent losses. In [25] a Stochastic Maximum Principle was applied to dynamic PA models to find
first order conditions for optimality. In the most general case the Stochastic Maximum Principle leads to
the characterization of optimal contracts through a system of fully coupled Forward-Backward Stochastic
Differential Equations for which no general existence theory exists. These equations can typically only be
solved explicitly when the analysis is confined to models driven by Brownian motion, specific preferences -
typically linear, expected exponential or power utility functions - and information is symmetric, i.e. both
parties observe the driving Brownian motion. We refer to the monograph [II] for a systematic survey of
the mathematical literature on dynamic PA models and to [10] for a recent model of portfolio delegation
under incomplete information which leads to even more complex dynamics.

Our work is motivated by that of Ou-Yang in [20] - which was in a sense generalized in [6] - where
a delegated portfolio management problem in continuous time was analyzed. In his model, the Agent
observes prices (a geometric brownian motion) while the Principal observes prices and the fluctuations
in wealth resulting from the Agent’s investment strategy; investment decisions are unobservable to the
Principal and known only to the Agent. Under the assumption of exponential utilities the contracting
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problem was solved by means of a HJB approach, finding that the optimal contract is of the form “cash
plus a convex combination of the generated wealth and a benchmark portfolio”; derivatives are not part
of the optimal contract.

Our goal is to clarify the mathematical structure of the optimal contracting problem and to analyze under
which conditions on the Principal’s and Agent’s preferences the main structure-of-equilibrium-contract
results in [20] carry over to more general probabilistic settings. To this end, we consider a portfolio
delegation model in discrete time, retain the assumptions on the contract space and information structure
but allow for rather general utility functions and price dynamics. Our main assumptions on preferences
are time-consistency and translation invariance; such preferences have been extensively studied in the
mathematical finance literature; see [I} 2], [7, @9, [I5]. With our choice of preferences we prove that the
problem of dynamic contract design can be reduced to a series of one-period conditional optimization
problems of risk-sharing type under constraints and optimal contracts can be computed by backwards
induction. To do so, we employ the usual approach of viewing the Agent’s continuation utility at any
point in time as the Principal’s decision variable, with the Principal’s decisions being restricted by an
incentive compatibility constraint. To the best of our knowledge this argument was first put forward in
[24] and later in [23].

Our approach of reducing the dynamic contracting problem to a series of conditional one-period problems
is similar to the one employed in [7] where a model of equilibrium pricing in incomplete markets was
analyzed. The optimization therein is simpler, though, as the exchange of risk takes place through linear
subspaces spanned by the tradable assets which is not the case in our model. Our optimization problems
can be viewed as conditional extensions of the ones analyzed in e.g. [1, [5] [7] where the exchange of risk takes
place through (conditional) LP spaces. Conditional analysis - see e.g. [15], 14} [8] - provides a framework
to tackle conditional optimization problems, at the same time avoiding technical measurable selection
arguments.

Our conditional one-period optimization problems are not convex a-priori, due to incentive compatibility
constraints. However, with our choice of contracts the Principal’s and Agent’s problems can be merged
into unconstrained ones, which if solvable yield an optimal contract. In economic terms, the reduction
to unconstrained problems means that the first-best solution is implementable under moral hazard if it
exists: the contract that one obtains is the same that one would obtain if the Principal and Agent had
the same information and had to share the gains and losses from trading between themselves so as to
maximize aggregate utility.

The intuition is that in computing an optimal contract the Principal computes the Agent’s optimal actions
as function of stock prices. This resolves the asymmetry of information and leads eventually to our main
result that the optimal contract - if it exists - is of the form “cash plus a convex combination of the
generated wealth and a benchmark portfolio plus a path-dependent derivative on the stock price process”.
In particular, under an optimal contract the Principal fully surrenders to the Agent the wealth generated
by trading in exchange for a benchmark portfolio plus a (generally non-replicable) derivative.

As in [20] the benchmark portfolio is related to the optimal (at-equilibrium) effort of the Agent. Unlike
in [20] derivatives are generally part of optimal compensation schemes. Derivatives are not needed in
Markovian models under a predictable representation property (PRP)E|. The latter includes a discrete-time
version of the model in [20] as well as many of the standard dynamic risk sharing problems under symmetric
information as special cases. It is only in this (restricted) setting that we can prove in Proposition that
the structure-of-contracts results in [20] carry over to more general preferences as long as the Agent’s and
the Principal’s preferences originate from a common base preference functional (e.g. exponential utilities).

1Loosely speaking the predictable representation property states that uncertainty is spanned by finitely many random
factors.
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The main challenge is then to solve the unconstrained optimization problems. The approach we follow
is to prove that the set of potential optimizers is bounded in a suitable sense. In the greatest generality
we work in the conditional version of L' spaces and with conditional utility functions enjoying a certain
sequential upper-semicontinuity on balls, which in particular yields a variational representation of the
preference functionals in the spirit of [13] [16, [19]. The transit from boundedness to optimality uses a form
of the usual Komlos argument. With this we fully solve in Theorem [2.21] the PA problem for a class of
Optimized Certainty Equivalent (OCE) utilities including Average Value at Risk, and bounded prices.

In a Markovian framework under PRP our static conditional problems reduce to deterministic ones in
Euclidean spaces. For such setting we find for general OCEs the optimal contract by the Lagrange
multiplier method. Under PRP the solution to our contracting problem can also be obtained in terms of
the solution to a coupled system of backward stochastic difference equations. As in [7] the benefit of having
a discrete model is that such systems can be solved by backwards induction, whereas the continuous-
time equivalent is usually intractable. This, and the fact that continuous-time models are unlikely to
yield additional insights into the structure of optimal contracts over discrete-time models, motivates our
discrete-time framework.

The remainder of this paper is structured as follows. In Section [2] we introduce the modeling framework
including the preferences and the contract space. We show how the dynamic problem reduces to a sequence
of static ones and present our main results along with examples (OCEs) for which these results can be
applied. In Section [3] we prove general attainability results for the Agent’s and Principal’s problem. In
Section [d we specialize our analysis assuming Markovianity and PRP, which allows us to obtain the optimal
contracts explicitly. In Appendix A we survey existing and prove new conditional analysis results which
we need throughout this work. Appendices B and C prove results on OCEs and one of the main results
of this paper, respectively.

Notation. We take the convention that vectors are regarded as column ones. The transpose of a vector x
is denoted 2’ and unless necessary to do otherwise the inner product of two vectors z,y is denoted xy. As
usual, (+)+ and (-)_ denotes taking positive and negative parts.

2. THE MODEL AND MAIN RESULTS

We consider a discrete time model with time grid {0, 1, ..., 7'} for some deterministic terminal time 7' < oo.
Uncertainty is modelled by a probability space (£2, F,P). The probability space carries an N-dimensional,
strictly positive, discounted stock price process P = {P;} whose filtration we denote by F = {F;}. We
assume throughout that E[P1|F] is ﬁnit We put AP;y1 := P,y — P and Apt+1 = diag(P;) "' AP,
where diag(-) denotes the diagonal matrix associated with the vector in its argument. The same notation
applies for other processes different than P. We write Fy.; to denote the path of the price process from
time 0 to t. For a o-algebra G we denote by L%(G) the set of real-valued G-measurable functions. L°(G)
and LO(G) denote the set of G-measurable functions taking values in R U {—oo}, respectively R U {+o0}.

2.1. Effort levels and wealth dynamics.

At each time t € T := {0,1,...,7 — 1} the Agent (he) chooses an N-dimensional F;-measurable random
variable A; that we call effort level, in line with the Principal-Agent literature. For the delegated portfolio
optimization application we have in mind the vector A; stands for the dollar amount invested in each asset.
The cost associated with choosing A; is given by ¢;(A;). We make the following standing assumption:

Assumption 2.1. The cost functions ¢;(-) : R — R are strictly convex for each ¢ € T.

2A1 equalities and inequalities are to be understood in the P-a.s. sense.
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Effort levels are known only to the Agent. The wealth at time ¢t € T associated with a sequence of effort
levels A = {A;} is given byﬂ

(1) WA =Wo+ AW + -+ AW = Wo + Y AAP.

s<t
The Principal (she) observes progressively stock prices and wealth levels and offers the Agent a contract
based on her available information. Following [20] a contract will consist of a linear combination of a
payment contingent on the evolution of the price process and a reward depending linearly on the wealth
increments. This includes replicable derivatives on the terminal wealth.

2.2. Preferences.

Payments are evaluated according to a family of time-consistent and translation invariant utility func-
tions. To connect with the existing literature we first define our preference functionals on spaces of almost
surely finite random variables (“general framework”). Subsequently, we introduce an additional conditional
integrability and continuity condition (“conditional L' framework”) from which we infer a variational rep-
resentation of our preference functionals. While time-consistency and translation invariance allows us to
reduce the dynamic contracting problem to a series of conditional one-step ones, the variational repre-
sentation allows us to state sufficient conditions under which the Principal’s and the Agent’s conditional
optimal one-step payments and actions exist at any time.

2.2.1. General framework. To introduce our preference functionals we denote by F4, for a given choice
of effort level A, the filtration generated by the pair of processes (P,W4). For the Agent the filtrations
F and F# coincide; for the Principal they differ unless she knows the Agent’s actionsﬁ The respective
preferences are then encoded by a family of utility functionals:

(2) Ud: LO(Fr) — LO(F;) and UP: LY(FA) — LO(FP) (te ).

We use the notation U® and UP when referring to the Agent’s and Principal’s preferences. For a filtration
{G:} and a family U := {U;} of utility functionals U; : L°(Gr) — L°(G;) we say that U is:

normalized if Ui (0) = 0,

proper if there exists X’ € L%(Gr) s.t. Up(X') > —oo and Uy(X) < oo for all X € L°(Gr)
monotone if Uy(X) > Uy(Y) whenever X,Y € L°(Gr) and X > Y

Fi-conditionally concave if Us(AX+(1-N)Y) > AU(X)+(1—-N)Uy(Y) whenever A € L°(G;)N][0, 1]
and X,Y € L°(Gr),

o Fi-translation invariant if Uy(X +Y) = Uy(X) +Y whenever X € L°(Gr) and Y € L°(G,),

o time consistent if Up41(X) > Upr1(Y) implies Up(X) > Ug(Y),

for all ¢ € T. We shall refer to these axioms as the usual conditions/assumptions and denote by
dom(U;) :={X € LO(QT) U(X) € Lo(gt)}v

the domain of U;. For a detailed discussion of the usual conditions along with their implications for utility
optimization and equilibrium pricing we refer to [7] and references therein. For instance, it is well-known
that they imply the tower property, stating that Up(X) = Uy(Up+1(X)) whenever X € dom(Uy1), as well
as the local property, stating that 14Uy (X) = 14U(Y) whenever X,Y € LY(Gr),A € Gyand 14X = 14Y.

3For simplicity we assume zero interest rate

4The fact that the Principal observes price and wealth dynamics does not necessarily mean that she can observe directly
Agent’s decisions. For optimal contracts the Principal will indeed know Agent’s decisions as function of prices. This is not
true “off equilibrium”, though. Hence we need to distinguish Agent’s and Principal’s information at this point.
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We assume throughout that Uf and U? satisfy the usual conditions w.r.t. the respective filtrations. They
are satisfied for a wide class of preferences as illustrated by the following examples.

Example 2.2 (Entropic utilites). Given a constant v > 0 the entropic family given by
1
Uy(X) = — logE [exp (=7 X) |G:]
evidently satisfies the usual conditions.

Example 2.3 (Pasting). Starting from one-step utilities defined for bounded random variables, a family
satisfying the usual conditions can be built over L° as follows [7, Example 2|. For each t, let U; :
L>®°(G+1) — L°°(G;) be a normalized and G;—translation invariant functional, for which the extensions
(3) X — lim  lim U([X An]Vm),

n—-+00 m——oo

again denoted Uy, are well defined between L(G;11) and L(Gy). It is not difficult to see that the pasting
U(X):=UgoUppq 0---0oUp(X) forms a time consistent and translation invariant family.

Example 2.4 (Optimized Certainty Equivalents). Consider Hy(-) a convex, closed and increasing
function satisfying H; (1) := sup,[s — H¢(s)] = 0, and define the one-step functionals

U : X € L(Gyq1) — essslélp{s —E[H (s — X)|Gi]},
sE

which are then normalized, translation-invariant and monotone. Such a family is called Optimized Cer-
tainty Equivalent (OCE) in the literature; see [2]. The entropic utility of Example corresponds to
H(l) = v texp(yl — 1). Lemma shows that if 1 € int(dom(H;)) and H; is bounded from below, the
extensions are well-defined. Hence we obtain a family satisfying the usual conditions by pasting; see
Remark as well. This fills a minor gap in [7].

Example 2.5 (Tail-value-at-risk utility). By Lemma a family satisfying all the requirements of
Example [2.4]is given by the so-called Tail-value-at-risk (TVAR) utilities, defined for each A € (0,1) by

(4) Uy (X) :essssup{s—)flE([s—X]“gt)}.

TVAR (or Average-Value-at-Risk) was characterized in [2I] and later extensively analyzed in the mathe-
matical finance literature. The representation is more convenient for us than the equivalent:

- 1 1
0u(X) =~ /H V@R (—X|G)da.

2.2.2. Conditional L' framework. We are now going to introduce additional conditional integrability and
continuity conditions on our preference functionals (we refer to Appendix A for more details). We define
for two sigma-algebras G C G the conditional L' space

15(G) = {7 € 1°(9) : El|Z||9] € 1°(9) }
For p < 0o the LP variant thereof is evident and we remark that Lé(g) = L%(G)L(G) as sets. Call also
Lg’(é) ={Z e L°%G):|Z] <Y, for some Y € LY(G)}.
The following continuity property can be viewed as a Fatou property in our conditional framework.

Definition 2.6. For p € [1,00) a functional U : LZ(QN) — LY%(G) is called L? — LP upper semicontinuous if
for each sequence { X}, bounded in Lg(é) (i.e. sup, E[|X,,|P|G] € L°(G)) such that X,, — X a.s. it holds

that limsup U(X,,) < U(X). We use this terminology even if U is defined in a larger set than L§(G).



CONDITIONAL ANALYSIS AND A PRINCIPAL-AGENT PROBLEM 6

We state now a standing assumption on the preferences.

Assumption 2.7. Let U stand for U or UP and G for F or F*, respectively. Then U satisfies the usual
conditions with respect to G. Moreover, Uy is L° — L' upper semicontinuous for each t and

{X_: X € dom(U)} C L§, (Gr).

The following representation result is an immediate consequence of Proposition [A9] It will be used below
to prove that the Agent’s one-step optimization problems have a solution.

Proposition 2.8. Under Assumption [2.7] the following variational representations hold:

(5) UP(X) = essinf {E[ZX|F/'| + o§(Z)} for X € LLo(FLy),
ZeW 7t
(6) U (X) = essinf {E[ZX|F] + o} (Z)} for X € L, (Fit1),
t
where

-0 -0
of : L5a(Fiya) = L(FY)  af « LE(Fi) = L (F),
are the respective conjugates of the utility functionals U and Uf, and

Wi = {Z € L;OtA(}}‘_‘H) . 7> 0,E[Z|F) = 1} Wy ={Z € LE(Fi41) : Z > 0,E[Z|F] = 1}.
The next example shows that entropic families and pastings of many OCE, such as the TVAR families,
fulfilll Assumption [2.7] along with the usual conditions. These are hence the canonical utilities to which
our main results in Section [2.4] apply.

Example 2.9. The entropic families of Example 2.2] clearly fulfilll Assumptions 2.7 In Lemma [B.1] we
prove that the TVAR families of Example and more generally the OCE families of Example
for which 1 € int(dom(H;)) and Hy is bounded from below, fulfilll Assumptions after pasting. In
Remark [£.5] we will justify that if the Predictable Representation Property holds, then any OCE satisfies
Assumption

The variational representation of preferences yields a convenient way to define preference functionals that
satisfy Assumption by specifying families of “conditionally acceptable models” for both parties.

Example 2.10. For a filtration {G} let Ay C Lg (Gi+1) be a convex set (of conditionally acceptable
models) and let x4, be the associated convex indicator function. Then, the preference functional defined

by
Ur(X) = egs nf {E[ZX|Ge] — X, (X)}

satisfies Assumption after pasting where W, := {Z € LE(Giv1) - Z > 0,E[Z|Gi] = 1}

2.3. Contracts and optimal actions.

The simplest contracts the Principal may offer the Agent consist of a fixed Fp-measurable (lump-sum)
payment ©, which we may interpret as a financial derivative contingent only on the path of the price
process, plus a constant 8 times Wjﬁ‘ Such contracts (or more exactly, menus of payments) take the form:

S={Aw S(A) :=O(Por) + Wi} .

Because the Principal observes the wealth and price processes progressively, we shall actually consider a
wider family of contracts of the form:

S = {A — S(A) == O(FPo.r) + ZBtAWtﬁl} ;

t<T
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where 8; € L°(F#') and © is as before, which make better use of her available information. This contract
space is rather large and contains replicable path-dependent derivatives on the wealth process. However,
as in [20], we shall find that an optimal incentive-compatible contract is indeed of the form S. This is a
consequence of our implicit modeling assumption that the Principal does not seek to infer anything about
A from observing P and W4, which we may justify as it being too expensive or time-consuming for the
Principal.

We will conveniently refer to a contract as S, (0,3) or (©,{f;}) depending on the context and denote
by R € R the Agent’s reservation utility, i.e. the least utility the Agent demands in order to commit to a
contract

Definition 2.11. A contract (©, {8;}) is individually rational if the optimal utility the Agent can obtain
at time O from it is at least R.

In the sequel we show how to obtain recursive representations of the Agent’s and the Principal’s utilities
and how to reduce the problem of optimal dynamic contract design to a sequence of static problems.

2.3.1. Agent’s problem. Let us assume that the Agent chooses an effort level A when presented with a
contract S(-). His total cost of effort is then C(A) := Zthfol ct(A¢) and his utility seen from time ¢ is
Uf(S(A) — C(A)). Using translation invariance we compute:

Uyt <S(A) - Ct(At)> = Ui [ ©(Por) + ) {BAWL = cor1(Asin) }

(7) — (A + ) {BAWL — ca(As)}
s<t

This shows that the Agent’s optimization problem of finding the best effort level A given a contract S(-)
reduces to the following recursion (we omit for simplicity the dependence of H in S):

Hp = O(Fy.r)
(8) Hy = esssup {Uf <Ht+1 + ﬁtAAlf’tH) - Ct(A)} .
AELO(F)N

Remark 2.12. The preceding analysis shows that H; has the interpretation of being the maximal utility
the Agent can get, from time ¢ onwards. Since adding an F;—measurable term to © translates additively
into H; and preserves optimality of effort levels, we see that the individual rationality condition binds
(Hy = R) for any contract that is optimal for the Principal.

Definition 2.13. A contract (0, {f;}) is called incentive-compatible if the essential suprema in are
attained for each t € T.

2.3.2. Principal’s problem. The Principal’s problem is to design an optimal incentive compatible and
individually rational contract. To that end, suppose again that the Agent has chosen A when presented
with a contract S(-), and that the Principal knows this. Her utility seen from time ¢ is then:

0 (Wjé‘ —0-> ﬁSAWg1>

s<T

- W64 - Ht + Z(l - BS)ASAPS-H + Uf Z [(1 - 6S)ASAPS+1 - AHS+1 )

s<t s>t
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where the identity © = Hy + > .-, AHy1 and translation invariance was used. If we denote by h;(A, 3)
her utility from future income, then time consistency along with translation invariance yields:

ha(4, 8) == UP [ 30 [(1 = B)AAPe1 — AH,
(9) s>t

=U} (Ht+1 + ,BtAtA]5t+1) —ci(Ay) + U? (ht+1(A7 B)+ (1 — ﬁt)AtAPtJrl - Ht+1) .

Performing the change of variables
(10) Ft+1 = ,BtAtAPH_l + Ht+1 c LO(.FH_l),
and writing hy(A,T") instead of hi(A, B) we arrive at:

(11) he(A,T) = U(Tys1) — cr(Ay) + UP (htH(A, )+ AAP . — rm) :

If (©,{6:}) is incentive compatible, then unique optimal effort levels for the Agent exist, due to our
concavity assumptions on his utility and cost function. For every time ¢ € T we may thus construct the
random variable I';11, and A; will attain the essential supremum:

e85 sup [Uf (Ft+1 + Bila — At}AfN’tH) - Ct(a)] :

We say that ({A},{T'}) is incentive-compatible whenever for every ¢ this A; attains this supremum. In
terms of the set

(A,T) € [LO(F)N x LO(Fq1) s.t. for every A € [LO(F)|Y -
o= { UR(T) ~ ei(4) 2 Up (T4 B1A — 18P — (A) } /

incentive compatibility amounts to (A, Tiyr1) € Ci(B;) for every ¢t € T. In particular, we can introduce
the following recursion for the Principal’s future optimal wealth:

hr =0,

(12) hy = esssup US(D) — cy(A) + UP <ht+1 + AAP, — r) .
(B,AT)
(A,I)eC(B)

Remark 2.14. We arrived at the well-known result that in constructing an optimal contract the Principal
should consider the Agent’s continuation utility as a decision variable of hers. This also resolves the issue
of information asymmetry: assuming that the Principal knows the mappings A; as functions of {Ps}s<¢
for each t implies that all the random variables in @D and become price—adapted.ﬂ If optimal efforts
are not unique, then one has to specify which effort levels {A;} (the Principal recommends) the Agent
implements in order to carry out the above recursion. This is why in the PA literature one often calls such
effort levels recommended effort levels and the triple (O, {8:}, {A:}) incentive compatible.

2.4. Main results.

In this section we summarize the main results of our paper. We start with the following theorem that
makes our formal derivations of the Agent’s and Principal’s optimal wealth precise. It states that if the
Principal’s and the Agent’s conditional one-step optimization problems have solutions, then the dynamic
contracting problem has a solution that can be obtained out of these. The proof is given in Appendix C.

SWe emphasize, again, that this is a consequence of the assumption that the Principal is not trying to learn/infer something
from the Agent’s actions.
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Theorem 2.15. Assume that the recursions and admit a solution with the essential suprema
attained at each time ¢. Then the Principal’s optimal utility at time ¢ = 0 equals Wy — R + hg. Further,
calling (B¢, A¢, T'i41)ter the maximizers attaining h in , and defining

0 =0(Por) = Y [Fer1 = Uf(Tenr) + eo(Ar)]
0<t<T

the contract
S = {A = R+ O(Por)+ Y By {AWtil—AtAﬁtH} } :

is optimal for the Principal, among those satisfying incentive compatibility and individual rationality
constraints. The associated optimal effort for the Agent is A and his optimal wealth will be R.

We now define an auxiliary unconstrained version of the optimization problem in , and prove that if
such a problem is well-posed, it yields a at time ¢ a solution to the original one-step problem, and the
corresponding B; = 1 is optimal. This opens the way to our main result, Theorem [2.21] The technical
importance of this is that we may dispense with the non-convex sets C;, making the incentive-compatibility
constraint much more tractable. Economically, this indicates that the first-best solution is optimal if it
exists: at any point in time ¢t € T both parties share the “aggregate endowment” given by the Principal’s
utility from future income h;41 plus gains from trading AAPtH S0 as to maximize aggregate utility.

Proposition 2.16. Assume that the following problem is finite and attainable:

(13) ¥ o= ess sup UML) — i (A) + UP (ht+1 + AAP, 1 — F) )
(AD)E[LO(F)IN X LO(Fi41)

Then any maximizer (/1, f) belongs to the set C;(1) and therefore

Y = esssup UAT)—ci(A)+U! <ht+1 + AAP 4 — F) .
(B,A,T)
(A)ECH(B)

Proof. Let (A, f‘) be a maximizer for (13). For arbitrary A, define I' = I+ (A— A)AP Plugging in that
(A,T) is better than (A,T) for , we see that the terms involving UP cancel out and so:

(14) U (D) = ci(A) = UM + (A= A)AP) — ci(A).
This means that (fl, f‘) € C¢(1) so the values of the constrained and unconstrained problems coincide. [

Remark 2.17. The prev1ous proof crucially relies on the fact that contracts are linear in wealth increments.
Indeed by varying I in directions of the form (A— A)AP and by linearity of contracts the term in the
objective function involving Principal’s utility cancel out, making it possible to compare the values of
Agent’s utilities.

In Section [3] we shall, therefore, turn our attention to the question of attainability of the unconstrained
problem. For the reader’s convenience we state in this section our main results therein and show how
they apply to specific classes of examples. The proof of the following result is given in Section The
technical conditions will be easily satisfied by the utility functionals listed in Example [2.9}

Theorem 2.18. Suppose at time t € T that

KP:= esssup of(Z2)cL’F) and K{:= esssup al(Z)c LY(F),
ZeWiN[1—e,1+¢] ZeWiN[1—e,1+¢]
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for some € € LO(F;) N (0,1]. Then, if hyr1 € dom(UF) and |l‘im cﬁg‘l) = 400, the random variable ¥
a|— 00
defined in (13) belongs to L°(F;), satisfies

Y= ess sup UMT) — e(A) + UF (ht+1 + AAP,, — F) ,
(A,F)E[LO(]'})}NXL}.} (.Ft+1)

and the essential supremum is attained. In particular 8; = 1 is optimal at time ¢ € T.

It is well-known that if the utility functionals originate from a common base functional, more explicit
treatments of equilibrium /risk-sharing problems become available (as in [T, Bl [7]). In the same spirit
we have the following result, stating that in that case the Principal and the Agent share the “aggregate
endowment” according to their risk attitudes. The proof is given in Section [3.2]

Theorem 2.19 (Base Preferences). Suppose that there exists non-negative numbers %, ~? and base
preference functionals {U;} such that

UK = U () (1= a.p)

Further assume that
anp
TV i €dom(Uy) and  lim cla) _ o
v+ AP |a]—o0 ‘CL|

Then Principal’s one-step problem (at time ¢) has as solution:

B=1and I'* = (hip1 + A*AP 1),

i
7P
for the optimal action A* of the Agent, which attains:

CP 4P} [h AAP,
esssup{ —ci(A) + Tty U, {7vP}Hher1 + 41 ‘
A /-)/a,-yp ,-ya, +,Yp

In light of Theorem [2.15] the two previous results yield a solution to the dynamic problem, as explained
in the following proposition.

Proposition 2.20. If the assumptions of Theorem or Theorem hold for every t € T, then the
respective one-step problems have a solution and glueing them together yields a solution for the respective
dynamic problems, whereby 5; = 1 for every ¢t € T is optimal.

The proof of the preceding proposition is obvious. In applying this result, several technical conditions
need be checked a-posteriori. As shown by the following theorem, these conditions are satisfied a-priori
for entropic and TVAR families and for OCE utilities (Example under mild conditions. The proof is
given in Appendix B.

Theorem 2.21. Suppose that prices are bounded (0 < p_ < P! < py a.s.) and that both U® and U? are
constructed by pasting of optimized certainty equivalent functionals:

X € Ly (Furr) = UA(X) = esssup{s — E[H (s — X)|F]}

seR
X e LjrtA (Ffq) = UP(X) = ess€s§p{s — E[HP (s — X)|FA)},
S

for which the following conditions hold for each t:

e 1 € int(dom(H)) Nint(dom(HY)),
e H{ and HY are lower-bounded.
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Finally assume that lim|q_, o % = oo for every t. Then our dynamic Principal-Agent problem has a

solution whereby the Agent keeps the output wealth and the Principal is given a possibly path-dependent
derivative.

Remark 2.22. In conjunction with Theorem 2.15] the previous result yields the economic interpretation we
referred to in the introduction: the optimal contract is of the form “cash plus a path-dependent derivative
on the stock price process plus performance w.r.t. a benchmark portfolio”. As the derivative may not be
replicable, this shows that the structure in |20, Theorem 1| need not hold.

A family of examples where we can provide explicitly the form of an optimal contract, recovering the
results of [20] in the continuous case is given in Section below. It requires additional notation, though,
so we postpone the statement of the result to Section 4.

Remark 2.23. For simplicity and ease of exposition we took zero interest rates and ¢; = ¢;(A;). The case
with non-null interest rates and/or c¢(A, W) = > ,[c;(A¢) + vW;i—1] can be solved exactly in the same
way, the only difference being that £, will not be constant (but remains deterministic) anymore. The
qualitative structure of contracts and their interpretation remain the same however.

3. GENERAL ATTAINABILITY RESULTS

We prove in this section the attainability of the Agent’s and Principal’s one-step problems, and conse-
quently, for the dynamic problem.

3.1. Agent’s Problem.

We start with an abstract conditional optimization problem of which the Agent’s one-step optimization
problems are special cases. For a given pair of random variables (X, 8) € LY(F;11) x LO(F), let

G(t,X,B) == esssup {—ct(A) + U7 (X + BAAPHl)}
AELO(F)N
(15)
=: esssup g;(A).
AELO(F)N
Under the usual conditions g; is F;—concave, and hence stable (see Definition . The key to the above

optimization problem is to reduce it to an L°(F;)—bounded set.

Lemma 3.1. Under the following condition, the essential supremum in is attained:

X €dom(U{) and  lim ci(a)

la| o0 |al

= +o00.

Proof. We intend to apply Theorem Evidently

esssup g¢(A) = esssup gi(A4),
A€[LO(F)N AeA

where A = {A: g;(A) > g;(0)}. The set A is L°—convex, contains the origin and is o—stable. That A is
sequentially closed is an application of Proposition [A.9]

For A € [L°(F)]" not identically null we use the variational representation of U established in Proposition
2.8 to bound:

g:(nA) = UMX + nBAAP) — ¢;(nA)

16 -
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where Z € W;. Using that A, 8 are F;-measurable and Cauchy-Schwarz applied pointwise, we bound from
above the sum of the last two terms in on the set where A does not vanish by:
ct(nA)

nlAl |

n| A||B|[E[ZAP|F]| — ci(nd) < n|A] ||5|E[ZAP|F)| —

Since Z € L% (Ft+1) and |[E[AP|Fi]| is a.s. finite by assumption, we see that the majorizing term tends
to —oo on a non-negligible set as n — oo and so does g;(nA). Since ¢:(0) = UH(X) — ¢:(0) > —oo by
assumption, we get a contradiction, and so Theorem shows that A is L?(F;)-bounded. Hence Theorem
applies to esssup 4¢p g:(A), since the mapping A — g¢(A) is L%-upper semicontinuous by Proposition
This establishes attainability. O

The following is an immediate corollary of the previous lemma.

Corollary 3.2. Assume that Hi41 € dom(Uf) and lim Cmt) = +00. Then the one-step conditional

|a]—o0
optimization problem of the Agent at time ¢, as in (), is attained.
3.2. Principal’s Problem.

In this section we prove Theorem [2.18] which sharpens Proposition [2.16] The Principal’s problem at time
t consists in maximizing

Vi(A,T) := UML) — cy(A) + UP (ht+1 +AAB — r) .

Recall from Remark that the Principal’s preference functionals U may and will be considered as
mappings from L°(Fr) to L°(F;), satisfying the usual assumptions w.r.t. F.

Proof of Theorem [2.18. Let us introduce the set
S:={AD) e L’ (F)N xQ:V(A,T)>V(0,0)},

where @ := {I' € L}_—t (Fi1) : E[L|F] = 0}. In maximizing V, i.e. in computing ¥, we may assume that
I' e Ll}-t (Fi41), since for candidate optima, I" and —I" must be in the domains of U* and UP respectively,
and by assumption this yields I'_,I'y € L} (Fy41). We may thus further assume that (A,T) belong to S,
since Ji-measurable components of I' cancel out in V| i.e.

Y =esssup V(A4,T).
(AT)eS

In a first step, we will show that the set
SA:={A e L°F)N : there exists ' € Q such that (4,T) € S}
is LO(F;)—bounded. To this end, we first notice that V(0,0) = —c(0) + U (ht41) € L°(F;). Taking
Z € dom(a?) N dom(a®) N W N LY(F,)
(e.g. Z= 1) and using the variational representation of the preference functionals, we get:
UST) < a%(Z)+ ZE[T|F)
UP(h+AAP —T) < of(Z)+ ZEh|F) — ZE[L|F] + ZE[AAP, 1| F).
For I" € @ the term E[I'|7;] vanishes and hence
V(0,0) < a?(2) + a™(Z) + ZE[W|F] + |A|| ZE[APs1 | F]| — c(A).

Since §4 is o-stable, we can use Lemma to conclude. Indeed, if S# were not L°(F;)-bounded, then
there exists a non-negligible set Q2 and a sequence {A,} C 84 such that |A4,| > n on Q. Similar arguments
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as in the proof of Lemma would establish V(0,0) = —oo on a non-negligible set, contradicting our
hypotheses. Thus S# must be L°(F;)-bounded.

Next, we prove that the set
SU:={I' € Q: there exists A € L°(F;)" such that (A4,T") € S}
is bounded in LY (Fr). Let us chose € € L°(F;) N (0,1] as in the statement of this theorem, fix I' € S©
and define
Z% = 1+4¢€lp<g—P(I <0|F)] € LZ(Fr)N[l—e1+¢
2P = 1+ ¢[lpso— P> 0[F)] € L°(Fr) N[l —e,1+¢
Since I' € @ we see that
E[Z°T|Fi] = —eE[(I')-|F] and  E[Z°T|F] = eE[(T)1[F].
Moreover, E[Z%|F;] = E[ZP|F;] = 1, implying that Z*P € W, and thus o (ZP) < KP and a*(Z%) < K.
We hence obtain that
U%T) < —€eE[(T)_|F] + K,
UP(h+ AAP —T) < E[ZP(h + AAP)|Fi] — B[l | Fi] + KP
< 2E[|h||F;] + 2| A|E[|AP||F] — €E[T4|Fy] + KP
< N — E[I'|F],

for some N € L°(F;) where the latter inequality follows by assumption and the fact that the effort levels
had already been proven to be L°(F;)-bounded. Therefore for (A,T') € S we have

V(0,0) < V(A,T) <N+ K — €E[(T)_|Fi] — €E[T 4| F] — ct(A) < K — eE[|T||F4],
for some K € LO(F;). This implies that S' is bounded in LY (Fr) since € > 0 a.s.

Next, we notice that there exists a sequence (A,,I',) € S such that V(A4,,T';) 1T ¥ since S is directed
upwards. Indeed, if V(A% T?) > V(0,0) for i = 1,2 and if we define & = {V(AL,T!) > V(42,T?)} and
(A, T) = (AL, TH1¢ + (A2,T?)1¢e, then

V(A,T) = max{V (AL, T, V(4%,T?)} > V(0,0),

thanks to the terms in V being F;—stable and ¢ € F;. By virtue of S4 being L(F;)-bounded, we can
apply the usual Komlos lemma (or Lemma to the positive and negative parts of each component of
the sequence {A,}, in an iterative, nested way, i.e. taking convex combinations of convex combinations
and so forth. On the other hand, the Llft (Fr)-boundedness of S implies that the technical condition in
Lemma holds for the positive and negative parts of the sequence {I';, },,, by Jensen’s inequality, so we
can again take convex combinations of convex combinations. All in all we have found a sequence of non-
negative real numbers {A\"} with 3 .o A" = 1, and random variables I'* € L%(F;1) and A* € LO(F)N

>n '

such that T, = > isn AT — I'™ and A, = > isn A Ai = A* as. (for each component). Also (A,,T,) €S

1
by convexity. Moreover,

S =1lmV (A, Ty) =lim > A?V(A4;,Ty) < limsup V(Ay, T),
n n = n
since (a.s.) convergent sequences of real numbers remain converging under convex combinations of its tails
and V is concave.
The cost-term in V is u.s.c. and since SU is L}_-t (Fr)-bounded we get for the U® term in V that

lim sup,, U (fn) < U*(I™). Finally, for the UP term in V, we obtain from the last assertion in Propo-

sition |A.9| that limsup,, UP (ht+1 + AnAptH — fn) < UP(hyy1 + A*AEH —I'™). We thus get that
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Y < V(A*,T*) and hence we have equality. This shows that 3 < oo since the preference functionals are
proper. Finally, by Proposition [2.16] we conclude that 8 = 1 is optimal and Principal’s one-step problem
is attained. O

We proceed now to the proof of Theorem [2.19]

Proof of Theorem Let us first fix an effort level A and put z := h + AAP,,; and 4 := %

Concavity of the preference functional yields:

~

1
esssup {U(I') + U (x — T')} = esssup 5 {7
r r

a

U () + ;Ut(yp[x - r])} < ;Ut(m.

On the other hand, taking I'* = 2"z it follows that 7%Ut(’yaf*)nL%pUt (vP[x—T*]) = LU, (4x). Therefore

YEFP A
this I'* attains the essential supremum above. Thus the Principal’s problem reduces to:
1 -
(17) ess sup {Ct(A) + §Ut (’AY[htH + AAPt+1]> } :
r

If this problem is attained at A*, then the previous argument shows that I'* = %(ht.}rl + A*AP, ) is
optimal. The problem is of the same form as that analyzed in Lemma simply replacing U® by
%Ut(’y-), calling X = h and taking 8 = 1. In particular, we obtain existence of an optimizer A*. Because
the one-step unconstrained problem is attained, Proposition shows that taking 8 =1, A* and I'* at

time ¢ yields an optimal one-step decision. O

Remark 3.3. In this article we chose to work in the biggest conditional (loc. convex) space of LP-type,
this is, the conditional L' space. The reason is twofold. On the one hand, had we worked with smaller
subspaces, we would have had in principle more tools at hand to prove the attainability of Principal’s
one-step problems. However, we chose not to limit the scope of utility functionals a priori, in terms of
their domains, for which the theory would be applicable to. On the other hand, even acknowledging the
fact that our L — L' upper semicontinuity requirement is not a mild one, the alternative would have
been to impose from the outset some sort of “sup-compactness” of our functionals (more precisely, of their
convolutions) or again to work with smaller spaces than conditional L'; ideally conditionally reflexive
ones. It seems to us that our simple sequential (and rather point-wise) L® — L! upper semicontinuity has
the advantage of being a more tractable and less technical requirement than the other, very valid ones.

4. OPTIMAL CONTRACTING UNDER PREDICTABLE REPRESENTATION

Up to now our probability space and price process were rather general. In this section we add more
structure to the problem in order to obtain more explicit solutions. In particular we fix a volatility matrix
o € RV with linearly independent rows (d > N), assume that the flow of information is generated by
a d-dimensional process w = (w',...,w?) whose evolution is observed by both parties and that the price

dynamics follows:

(18) APy = diag(P) [p + 0 Awy41]

Moreover, we shall work under the following “Predictable Representation Property” and assume that our
utility functionals satisfy a Markov condition.

Assumption 4.1. The Predictable Representation Property (PRP) holds: for some D € N U {0} there

exists processes w1, .. wP” adapted to the filtration {F;} generated by the process w such that the

1 d , d+1 D
L w?)

extended process w = (0, ..., W%, w has uncorrelated increments which are independent from

the past, have zero mean, non-trivial finite second moments, and

(19) LY(Fi1) = {z+ ZAws - € LO(F), Z € [L°(F))P}.
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We stress that if initially the d-dimensional w process driving the price had not enjoyed the PRP, then
Assumption simply says that we can complete the former process in such a way that the enlarged
process does enjoy the PRP, without changing the informational structure of the model. The following
example clarifies our PRP assumption.

Example 4.2 (Bernoulli Walk). Consider in R, d independent Bernoulli walks w'!, ..., w? on the time grid
{0,h,2h,..., T} starting at 0, such that P(Aw; = vh) = P(Aw} = —vh) = 3. They do not necessarily
fulfilll , unless d = 1. Yet it is well-known that for D = 2% — 1, there exists an adapted family
witl ... wP of likewise distributed random walks, such that the whole extended family w?, ..., w” has
increments uncorrelated to each other and independent from the past, and such that holds.

We further restrict ourselves to preference functionals which satisfy the following Markov Property.

Assumption 4.3. The generators g' (1=a,p) defined by
Z € [LYF))P = gi(Z) = U (Z Awi),

are Markovian in the sense that g%, g map R” to R.

If a preference functional U satisfies the usual conditions and the PRP holds, then all the relevant in-
formation of U; is summarized by its generator. Clearly g; inherits from U; being null at the origin
and concave. In the case that P may only take a finite number of values, and by the “local property,”

170)=29:(2)(-) = L z0y=.9:(2) ().

Example 4.4. For optimized certainty equivalents, the generator g(z) := Uy(zAw;) = sup {s —E(H (s —
xAwy))} clearly satisfies the markovianity assumption under the PRP.

Remark 4.5. Under Assumption [4.1]one could re-write the Agent’s and Principal’s recursions as Backward
Stochastic Difference Equation in a direct way. In doing so we would replace I' by yAw everywhere in
Principal’s problem, this having major advantages as by-product. First, one may drop the L° — L' upper
semicontinuity assumption and simply work with the variational representations of the utility functionals.
Indeed, by of Proposition this would imply L° upper semicontinuity of V' (as in Principal’s one
step unconstrained problems) in the variables (A, ), which is all we need. As a consequence, the results
of the previous section extend to e.g. every optimized certainty equivalent utility in the PRP case. We
spare the reader the repetitive work of proving the above points, and instead proceed to a more explicit
characterization of optimal contracts.

From the substitution T'yy1 —E[[44 1| Fy 1] = yAwgy 1 for some v € [LP(F;)]P valid by the PRP assumption,
we may call a tuple (A, ,v) without danger of confusion a contract (we shall always work with these
variables under the PRP). Principal’s recursion ([12]) and the incentive compatibility set C;() may then
be re-defined in terms of such tuple in an obvious way.

Remark 4.6. From equation it becomes apparent that under the PRP and Markovianity Assumptions
h: becomes a real number for all ¢. Indeed, everything in the one-step optimization problems (the ¢g’s and
¢’s) is non-random when evaluated at non-random inputs, from which it suffices to consider (A4, 3,v) €
RY x R x RP and maximize point-wise. This of course shows that in this case if there is an optimal
contract, then the optimizer (A, 3,7) is non-random.

4.1. Computing optimal contract and necessary optimality conditions.

Starting from the original formulation , we tackle the attainability issue without resorting immediately
to the unconstrained variant. We will thus see that in fact solving this unconstrained problem is not only
sufficient but necessary in a sense. Furthermore, in our present framework we will be able to write
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down explicitly the optimal contract. We first derive the First Order Conditions (FOC) for Agent’s and
Principal’s one-step problems:

Lemma 4.7. Assume that g/ is once and g¢, ¢; are twice continuously differentiable, for ¢ € T. Then:
(20) (A,v) € Ci(B) ifand only if Bu— Ve(A) 4+ BaVgs(y) = 0.

Moreover, given an optimal contract {(A¢, By, )} for the Principal, and supposing for every time ¢t € T
that the implied one-step contracts form a regular point for the corresponding constraints appearing in

the r.h.s. of -this is, the matrices |p+ oVgd(yz) | BoV2gi () | — V2Ct<At)] € RV*(+D+N) have

full range- there exists Lagrange multipliers \; € RY s.t. the following systems admit a solution:

(21) 0= [Bip — Ver(A)] + Bio Vgl ()

(22) 0=[p— Ve (A)] 4+ VP’ Ay — v) — Ve (AN
(23) 0= Vgi (1) = Vg (o' A — ) + B V297 (7)o" A
(24) 0= A[p+ Vg (7).

Proof. We omit the time index for simplicity. The identity follows by differentiation and noticing
that the optimization problem in C;(f) is concave in the A variable. It is also easy to see that the matrix

it oV (3) | BoVPg () | — V2e(4)| € RIX(NFHY

has as rows the gradients of the components of Sy — Ve (A) + BoVgi (). By e.g. [4, Chapter 3] we thus
have the existence of a Lagrange multiplier A\. Forming the Lagrangian

L=[Ap—c(A)]+gf (7) +gi (Ao =)+ A {[Bp— Va(A)] + BoVg" (v)}
and taking the partial derivatives w.r.t. A, A4,~, 8 yields the desired system. O

Dropping the time index again, notice that multiplying by A yields AVe¢(A) = 0. Thus multiplying
by No, by A, adding them up and then multiplying by 3 yields:

BN [BoV?g" (7)o" — Ve(A)A = 0.
Therefore, as soon as one searches for a 8 > 0 and either ¢ or g are respectively strictly convex or concave,

then necessarily A = 0. This shows that a reasonable optimal solution to the problem must necessarily
solve also the “unconstrained” problem with FOC:

0=[Bu—Ver(A)] + BoVg(7)

0= [~ Ve(A)] +0VgP(a' A7)

0=Vyg*(y) — VgP(c'A - ).
We knew from previous sections, in greater generality, that solving the unconstrained problem is sufficient
to construct a solution to the original constrained one. Hence these last equations show that, in the

present context at least, passing through the unconstrained formulation is actually also necessary, at least
for contracts with 8 > 0.

Subtracting the second from the first equation above and then using the third one, we get:

(B =1+ oVg*(y)] = 0.

Thus either 5 = 1 is optimal, or u + ocVg®(y) = 0. This last case can be called degenerate, since under
it we derive from that it is optimal for the Agent to exercise minimum effort: Ve¢(A) = 0. Since
necessary conditions give a larger set of potential optimal points than the actual set of optima, we are
inclined to say that this degenerate case is suboptimal.
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4.2. Base preferences. We close this section with an analysis of the benchmark case where both parties’

preferences originate from a common base preference functional: U'(-) = %U (7") for I = a,p. In terms of
generators, this means that ¢'(-) = %g(’yl-). We assume that Vg is injective. Then (A*,~v*, 5*) satisfies

the system in Lemma with A = 0, where A* solves

* VAP g
25 0=[u— Ve (A v A
(25) = Va(an)] + 0%y | o

S L) —

and v* = SO A* and p* = 1.

The final part of the following proposition shows to what extend the structure of optimal contracts in [20,
Theorem 1| can be recovered.

Proposition 4.8. Under the Markovianity and PRP Assumptions, the optimal contract (interpreted as
a mapping between strategies to payments) is of the form of:

A S(A) =k +> 3 Awpyr + Wi — W,

where WA = Wy + S, A/ AP, W = WA and k € R. Here A* and ~* (both vector /scalar valued
deterministic processes) are the optimal ones for the Principal. Moreover, if the utilities stem from a
common base functional, then we can write the optimal contract as:

a _ P A v A TR
A S(A) =K+ W + Wy — Wr],
(A) =F& e T 7p+7a[ T 7]

having the form of cash plus a convex combination of the wealth generated by the Agent and the perfor-
mance (gains/losses) obtained w.r.t. a benchmark portfolio, as in [20, Theorem 1].

Proof. By Theorem [2.15] we get:
O = R+ [ Awisr + ci(A]) = Ai APy — g (35)| = ki + 3 97 Awrer = W,

where we used that v* and A* are optimal (Lemmal[4.7), that 3 = 1 is optimal, that x := R+ Y c(A}) —
9 (Z¢ + o' A}) is a constant, thanks to Assumption and the fact that Af and 4} are deterministic
(Remark . Again by Theorem this shows that the contract A — k + S vfAw + Wi — Wy is
optimal. If further the utility functionals are a re-scaling of one another, we know that v} = #U’AZ‘ .
Plugging in this into the previous expression for the optimal contract, we conclude. U
Example 4.9 (1d-Bernoulli Setting, Entropic Utility). Suppose Agent’s and Principal’s utility functions
are respectively

UMX) = 71a log (E [e7"¥|F]) and UP(X) = Jp log (E [e7"X|F]),

a2
7.
driven by a simple Bernoulli-walk setting (that is N = d = 1: one asset, one source of randomness);
see example We first observe that g.(z) = —log <M) = —log o cosh(v/hz), from which
Vgi(z) = —Vhtanh(vhz). From here, and manipulating (25)), we get that the optimal action A at time
t is the solution to the equation:

an.p 1 A*h —
- ny p\/EUAI = —log oVh+ ih 2.
7+ 2 ovVh — Afh+

with v, 7v? > 0, and that Agent’s cost function is c¢(a) = h Assume also a one dimensional market
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5. CONCLUSION

The present article clarifies the structure of optimal linear contracts in dynamic models of portfolio delega-
tion when both parties’ preferences satisfy translation invariance, time consistency and certain regularity
conditions. We have shown how the problem of dynamic contracting can be reduced to a recursive sequence
of one-period conditional optimization problems. Using conditional analysis techniques we established gen-
eral attainability results for the Agent and Principal problems and derived the representation of optimal
contracts found in [20] under a Markov-PRP assumption and for base preferences and general costs. Sev-
eral questions are still open. First, the restriction to linear contracts is undesirable. Unfortunately, our
method does in no obvious way carry over to non-linear contracts. Second, in the PRP framework we
assumed that the Principal observes the driving process w. Although this assumption seems common in
the literature, it would be more natural to assume that the Principal observes the price increments only.
This would add an additional adverse selection component to our model, if one interprets the Agent’s
additional information as his type, and hence leading to very complex optimization problems. Finally, it
would be interesting to analyze portfolio delegation models under limited liability. If one restricts oneself
a-priori to a particular class of pay-off profiles such as call options, then our methods can probably still
be used to establish existence of optimal contracts (within the pre-specified class). It is an open questions
how to analyze models of limited liability without any such a-priori restriction.

APPENDIX A. CONDITIONAL ANALYSIS

This appendix recalls conditional analysis results needed to analyze our dynamic contracting problem. We
also establish new results which are key to our PA problem. For a detailed discussion of finite dimensional
conditional analysis we refer to [§] and references therein; for a thorough treatment of conditional analysis
on LP spaces we refer to [15].

A.1. Finite dimensional conditional analysis. On a given probability space (2, F,P) we denote by
L and L the sets of all, respectively all a.s. finite random variables. We apply almost-sure identification
and ordering on this sets and put L := {X € L : X > —oo} and L := {X € L : X < oo} and denote
by N(F) the set of variables in L° which take values in N. We fix N € N and view E := [L°(F)]" as a
finite-dimensional topological L°(F)-module over the ring L°(F). On E we define the conditional norm
| X = (XX )% (notice that this is a random variable), where the product is the euclidean one.

Definition A.1. A set C C FE is called:

stable if 14X +14.Y € C, for every X, Y € C, A€ F

o—stableif ) _14,X, € C, for every sequence (X,,) C C and partition (A4,) C F of
LO—convex if AX + (1 —A\)Y € C, for every X,Y € C and A € L? with values in [0, 1]
sequentially closed if it contains all the limits of its a.s. converging sequences.
L%—bounded if esssupyec || X|| € LP.

A stable and sequentially closed set is o—stable. We define for M € N(F) and (X,,) C E the element
Xp = ZnEN 1y-,X, € E and notice that if the former sequence belongs to a o—stable set, then the
latter does so too. The following result is a generalization of the classical Bolzano-Weierstrass Theorem.

Lemma A.2. Let (X,,) C E be L%—bounded. Then there exists X € E and a sequence (N,) € N(F)
such that Ny41 > N, and X = lim,_, Xy, a.s. Also, if (x,) C LY is such that z := limsupx, € L°,
then there exists a sequence (N,,) € N(F) such that Ny,11 > N,, and & = lim,,,o zp,, a.s.
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Proof. For the first statement refer to |8, Theorem 3.8|. For the second, define Ny = 0 and N,, = min{m >
Np-1:xpm > x—1/n}. Then N,, € N(F) and N, 1 > N, from which N,, > n follows. Now, notice that
SUPyy>p Tm = SUDy> N, Tm = TN, = T — 1/n a.s., from which x = lim,,_,o zn,, a.s. O

As in the euclidean case, convexity opens the way to a necessary and sufficient characterization of bound-
edness (see [8, Theorem 3.13]):

Theorem A.3. Let C be a sequentially closed L%—convex subset of E which contains 0. Then C is
L%—bounded if and only if for any X € C\{0} there exists a k € N such that kX ¢ C.

Let us now introduce the notions of continuity, convexity and stability of functions defined on subsets of
FE and taking values in a set of random variables.

Definition A.4. Let C C E. A function f: C — L is called:

e L%—lower semicontinuous at X € C if f(X) < liminf f(X,,) for every sequence (X,) C C with
a.s. limit X.

e L%—continuous at X € C if f(X) = lim f(X,,) whenever (X,,) C C has a.s. limit X.

o L0—convex if f(AX + (1 —=N)Y) < Af(X) + (1 =N f(Y), for every X,Y € C and A € L° with
values in [0, 1]

o stable if f(1AX 4+ 14cY) =1Af(X)+ Lagcf(Y), for every X, Y € C, A€ F.

For the last two items it is assumed that C' is L%—convex, respectively, stable. Strict L°—convexity is
defined in terms of a strict inequality. Finally f is called (upper/lower semi)continuous on C' if it is so
on every point of C'. If f is continuous and stable over a o—stable and sequentially closed set, then it
satisfies the stability property for countable partitions too. If f is L0—convex or L?—concave, then it is
local (meaning 14f(X) = 14f(Y) whenever 14X = 1,4Y), which in itself directly implies that it also
satisfies the stability property for countable partitions.

The following result is implied by the proof of |8, Theorem 4.13|, since all the authors really use is
o—stability of the set under consideration (which is implied by their stronger assumptions). We give a
self-contained proof here.

Lemma A.5. If a non-empty set C' C E is o—stable and is not L°—bounded, then there is a set € with
P(Q2) > 0 and a sequence {X,,} C C such that, for every n € N, |X,,| > n over 2

Proof. We define Uy, := {B € F : 3X € C,|X| > n on B}, which is non-empty since C is unbounded,

introduce the family of decreasing sets A, := {esssuplp =1, and put A := (), A,. Assuming that
BeU,
P(A) = 0, or equivalently that P (U, A%) = 1, then for every X € C:

Z X1 iagna, 1)
n

Since X € C was arbitrary, this implies that C is L°(F)—bounded. Therefore P(A) > 0 must hold. By

definition of esssup we have that there exist {Bl’”}l € U, such that esssuplp = sup; lgi,» a.s. This
BeUy

implies A, = [J; B"™ a.s. Taking X' such that |X""| > n on B'", and fixing an X* € C arbitrary, let us
define:

| X =

< Z 1 X[ Lacna, 1y < Zn]l{A;mAn_l} e L°(F).

-— * l7 07
XM .= x i, piye} S x "L pnn(upepmomyey X L pon,
!
which belongs to C' thanks to o—stability. Clearly
(n) *
|X | 2 n]]-{Ul Bl,n} + ’X |]]-{(Ul Bl,n)c}7
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and therefore a.s. [14X(| > nl4. Thus we have that | X(™| > n on A for every n. O

The following conditional optimization theorem is used to prove attainability of the Agent Problem. For
a proof we refer to |8, Theorem 4.4].

Theorem A.6. Let C be a sequentially closed and stable subset of E and f : C — L be a L°—lower
semicontinuous, stable function. Assume there exists an Xy € C such that the set {X € C : f(X) <
f(Xo)} is L'—bounded. Then there exists an X € C such that

1 (5) =gt acn)

If f and C are L°—convex then the “argmin” set is also L°—convex, and if in addition f is strictly
L%—convex then X is the sole (a.s.) optimizer.

We finally adapt a Komlos-type lemma (as in [I2) Lemma Al.1]) for conditionally bounded random
variables, which we use to prove our general attainability result (Theorem [2.18). We thank a referee for
hinting at the proof we give now.

Lemma A.7. Let {{,}n be [0,4+00)-valued random variables defined on a common probability space
(Q,G,P), take F a sub-sigma algebra and assume that the set C' := conv{{, : n € N} satisfies the
following conditional boundedness condition:

Ve € LY (F),3a € LY(F) such that Vh € C,P(h > a|F) <e.

Then there exists a [0, +00)-valued random variable X and a sequence {z,}, where x,, belongs to the
convex hull of {&,,&,41, ...} such that z,, — X almost surely.

Proof. By [12, Lemma A1.1] it suffices to show that C' is bounded in probability. By assumption, we have
that p, := esssup,cc P(h > n|F) — 0, as n — oo and P—a.s. Since also p, € [0, 1] a.s. we conclude by
dominated convergence that E [p,] — 0, which of course is stronger than sup,coPlh > n] — 0, so we
conclude. O

A.2. Conditional analysis on LP. Let F be a sub sigma-algebra of G. For every p € [1, +o0] we define:

Xl = E[|X|P|F] if p € [1,+00)
P essinf{Y € LY (F) s.t. Y > |X|} if p = +o0.

This is well defined for every X € L°(G). We further define the conditional LP-space
15(G) = {X € 1°(3) st. || X}, € L°(F)}.
It is shown in [I5] that L%.(G) is a topological L°(F)—module over the topological ring L°(F), and || - ||,
is an L°(F)—norm inducing the module topology on L%(G).
A function U : LE(G) — L? is called:

e LO(F)—concave: if UAX + (1 — A\)X') > \U(X) + (1 — MU (X’) for every A € LY(F) N[0, 1] and
every X, X" € L%.(G)

e proper: if 3X € L%(G) such that U(X) > —oo and VX' € LE(G) it holds U(X) < oo

o L%.(G)-upper semicontinuous: if for every net {X,} C L%(G) converging to some X in conditional
norm, it holds that essinfgesssup,>zU(Xo) < U(X)

e monotone: if U(X) > U(X’) whenever X > X’

e translation invariant: if U(X +Y) = U(X) +Y for every X € LL.(G) and Y € LO(F)

The following representation result re-phrases [15, Corollary 3.14]:
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Theorem A.8. Let p € [1,00) and U : L%(G) — L°(F) satisfy the above conditions. Let ¢ be the Holder
conjugate of p and define

W:={ZeL%(G): Z>0,E[Z|F] =1}, «o(Z):= ;zs;ttg){U(X) - E[ZX|F]}.

Then U satisfies the following variational representation:

UX)= e;seivréf{E[ZX|f] +a(Z)}.

In the next Proposition we prove that Lz}(g)—upper semicontinuity is a consequence of L° — LP upper
semicontinuity (see Definition [2.6]). This of course implies Proposition

Proposition A.9. Let U : L7.(G) — L(F) be L°— L? upper semicontinuous. Then U is also Lb-(G)—upper
semicontinuous. Furthermore, if U is also proper, monotone, translation invariant and L°(F)-concave, then
U admits a variational representation and for any N € N and A € [LE(G)]V the functional

(26) Ae [LYF)N — UAA)

is LO-upper semicontinuous in the sense of Definition Under the same hypotheses, if A, € [LO(F)]N —
A as. and {I'"},, is L7-(G)-bounded such that I'"* — T' a.s. then

limsupU(A4,A+T,,) <U(AA+T)

Proof. For the first part, by [14, Lemma 3.10], it is enough to prove that the sets K := {X € L%(G) :
U(X) > k} are conditionally closed for every k € L%(F). We will prove that their complements are
conditionally open. To this end we fix such a k and and assume to the contrary that (K})¢ is not open.
We thus take X such that U(X) < k on a non-negligible set and such that for every N € N(F) we have
that K NB(X,1/N) # (0, where B(X,1/N) ={Z : E(|Z — X|P|F) < 1/N}. This means that we can find,
for every N € N(F), an element Xy € B(X,1/N) such that U(Xy) > k a.s. A straightforward adaptation
of Markov’s inequality yields

E(Xy — X['|F)

P

P Xy — X| > ¢|lF) <

for every e € L°(F)44. From this we may find for every natural number n an element M, € N(F) such
that:

e for every N € N(F) st. N > M,, it holds that P(| Xy — X| > 1/n|F) < 1/n? as.
e for every n: M1 > M, a.s.

Now, we will use a “Borel-Cantelli Lemma”-type reasoning in order to prove that the sequence {Xy, }
converges almost surely to X. First notice that for a fixed [ € N:

> P Xng, — X| 2 1/UF) <Y P(1 X, — X| 2 VIF) + > P(|Xar, — X| > 1/n|F),
neN n<l n>l

and since the last term is bounded above by »~, ., 1/n?, the original sum belongs to L(F) (and so is a.s.
finite). Define now i.o. {|Xp — X| > 1/1} := (e Upsim 11X 0, — X| > 1/1}. Then:

P (i.o.{|Xp — X| > 1/ F) <P | J{IXn, = X[ = 1/BF | < P(Xn, — X| > 1/1|F),

n>m n>m

and so the left-hand side does not depend on m whereas the right one tends a.s. to 0 as m increases. This
shows that P (i.o. {| Xy — X| > 1/} |F) = 0 a.s. Taking expectations, P (i.o.{| Xy — X| > 1/I}) = 0.
Since this holds for every [, we conclude that indeed { Xy, } converges almost surely to X.
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Finally we have by the L? — LP upper semicontinuity assumption that k& < limsup,, U(Xys,) < U(X) a.s.
since by definition Xy, € B(X, 1), but also U(X) < k on a non-negligible set, which is a contradiction.
This completes the proof of the first statement.

By Theorem and the first claim we know that U has a variational representation. That A — U(AA)
is LY9-upper semicontinuous is a consequence of the last claim in the proposition (taking I', = 0). So to
establish the last claim and finish the proof, is suffices to compute
E[JAuA+ TP |FIVP <O sup |4 [E(APIF]Y? + BT PIF)7,
=1..,

and observe that the r.h.s. is bounded from above by some r.v. in LY(F), by conditional LP-boundedness
of the T, and since the (components of) the A, converge a.s. All in all {4,A + 'y}, is L (G)-bounded
and converges a.s. to AA + T, so we conclude by the LY — LP upper semicontinuity assumption. O

APPENDIX B. OPTIMIZED CERTAINTY EQUIVALENTS AND PROOF OF THEOREM [2.2]]

We start with a number of technical results for the examples in Section [2.2]
Lemma B.1. The following hold.

(i) The extensions in are well defined for TVAR and, more generally, for optimized certainty
equivalent families for which both 1 € Niint(dom(H;)) and every H; is bounded from below
(equivalently 0 € dom(HY)).

(ii) Take F = F;, G = Fiqq for t fixed. For any v > 0 and A € (0,1), the entropic functional

X € LL(G) > _}y log (E(exp(—7X)|F)),

as well as the Tail-value-at-risk functional

X € LR (G) — ess Sup {s— ATE([s — X]4|1F)},

are L° — L' u.s.c. More generally, optimized certainty equivalents for which 1 € int(dom(H*)) are
LY — L' us.c.

(iii) The TVAR family and, more generally, OCE families for which 1 € Nyint(dom(H;)) and every H;
is bounded from below, all satisfy Assumption [2.7] after pasting.

Proof. For TVAR we have H(l) = A7[l]; and H*(x) = Wipr-1)(x), the convex indicator of [0, A7 In
particular, 1 € int(dom(H*)) and H is lower bounded. In the following we work with abstract OCEs for
which the latter conditions hold.

i) It suffices to show that the extensions defined by produce a functional which never attains the
value +00. Let U stand for any OCE (associated to H) satisfying the stated properties and let X
be a r.v. not attaining +o0o. For 1 + € € int(dom(H*)) we define

N®:= Zn]I]P’(XSn\]:)>[1+6]*1,P(Xgn—l\]:)g[l-i-s]*l = inf{n € N: P(X <n|[F) > [1+¢7'},

n=1
which is then finite and belongs to N(F). Inspired by |7, Proof of (12)] we introduce a partition
Ap = {P(X < NF) > 0} and 4, := {P(X < N+ n|F) > 0, B(X < N +n— 1|F) = 0} for
n > 1, so we define

Ix<nein
= 1 = .
¢ 7;) AnP(X < N+ n|F)
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It is then easy to see that E[¢|F] = 1 and that £ € [0, 1+¢], so that a.s. £ € dom(H*). We conclude
that

UXANk) = esssup{s—E[H(s— X Ak)|}
< essssup{s — sE[§|F] + E[§(X A k) + H (| F]}

< BIEX|F] +E[H*()|F) <Y 14, [N+ n] + E[H*(§)|F] < 400,
n>0
where finiteness comes from the fact that H* must send [0,1 + €] into a bounded set. Hence
limg 400 U(X A k) < 400 and we conclude.
ii) Let us take X,, bounded in L%-(G) such that X,, — X a.s. For any C € LY(F) we want to show
that if esssup, {s — E(H (s — X,,)|F)} > C then also esssup,{s — E(H (s — X)|F)} > C. Indeed,
let us first take s, € LO(F) such that

S — E(H (s, — Xp)|F) >C —n~L.

Because H is convex, lower-semicontinuous and proper, we have that H (s, — E(X,|F)) > R[s, —
E(X,|F)] — H*(R) for each R, and so in particular

sp[l = R] > C —n~! — H*(R) — RE(X,|F),

for every R € dom(H*). If we were able to find R € dom(H™*) N (1,00) then for such element we

would have
C —n~! — H*(R) — RE(X,|F)
Sp < .
1-R
Similarly, if » € dom(H*) N (—o0, 1) existed then we would get
C—n~t — H*(r) — rE(X,|F)
Sp > .
1—7
Altogether, we could conclude that the quantities s,, are L°(F)-bounded, since the random vari-
ables X,, were bounded in L%L(G). By Lemma we could find N,, € N(F) increasing to +o0o
such that sy, — 5 a.s. for some 5 € LO(F), and obviously Xy, — X a.s. still. By locality we

would have that

sn, — E(H(sn, — Xn,)|F) > C — N, *.
Taking lim sup,,, using the fact that H is bounded below by an affine function and conditional
Fatou’s Lemma, we may obtain

s—E(H(s—-X)|F)>C.

This readily implies what we wanted to prove. To conclude, observe that the conditions dom(H*)N
(1,00) # 0 and dom(H*) N (—o0,1) # 0 are together equivalent to 1 € int(dom(H*)) in our case,
since 1 € dom(H™*) by definition and H* is convex.

iii) Upper semincontinuity has already been dealt with. Under the stated conditions pasting is also
already justified, so it only remains to show the condition on the domain of U;. If X € dom(Uy),
then there must be some s € R such that E[H (s — X)|F;] < co. But as H is bounded from below,
this implies E[H (s + X_)|F¢] < oo, and by the normalization property on H (implying H(l) > 1)
we get in turn E[X_|F;] < oo as desired.

0

Remark B.2. The reason we had to prove [7, Proof of (12)] anew in the first part of the preceding proof, is
that we want to include the case where dom(H*) # [0,00), in order to cover e.g. the TVAR family. This
creates the difficulty of finding a £ satisfying simultaneously E[{|F] =1, £ € [0,1 + ¢] and E[§X|F] < 0.
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Remark B.3. In case U arises as an optimized certainty equivalent (see example [2.4]), we know by Lemma
and Proposition that it has a variational representation. Notice then by Young inequality that

a(Z2) < ess;up ess;s.up{s —E[H (s — X)|F) — E[ZX|F]} <E[H{(Z)|F],

whenever Z € LE (Fiy1) is s.t. E[Z]F] = 1. In [7] and [9] it is proved that under given conditions there is
equality above (for Z € W;). In any case we see that the conditions in Theorem on K%P are satisfied
if these utility functionals are such that 1 € int(dom(H;)); indeed, we may just take ¢ > 0 such that
1 —€,1+4¢€ Cdom(H)).

Equipped with the previous result, we provide the proof of our general existence of optimal contracts.

Proof of Theorem [2.21] We may assume F = F*4. Under the given condition on the H’s, the condition
on the K’s (see Theorem [2.18]) is satisfied, thanks to Remark By Proposition it remains to show
that hiy1 € dom(UY) for each t.

Either using Young’s inequality or invoking Remark we know that U#(X),UP(X) < E[X|F]. From

this we see

Vi(A,T)

IN

—c(A) + AE[AP|Fy] + E[hit| Fe]

a(A)  2py
< - —— | |A|+E
< - (45 -2 41+ B

< Ky + Elhyy1|F],

where we used that |AP, 1| = |diag(P,) 'AP,1| < 2;% and the existence of K; € R is a consequence of
the growth of ¢; and its continuity. From here we get by definition that h; < K; + E[hs11|F;] and since
hr = 0 by backwards inductions follows that hf 1 < L for some constant L and all ¢. Monotonicity of the
UP’s mean that hyy1 € dom(U}). O

APPENDIX C. PROOF OF THEOREM [2.15)]

First we turn our attention to the Agent’s recursion. Let a be a generic sequence of efforts. From equation
(7)), we see that defining

Hy(ayg,...,ar—1) = U | ©(Po.r) + Z {BAWE | — co1(ss1) } | — @),

s>t
we get the recursion

Hrp(ay,...,ar—1) = O(Py.r),

Hy(ay,...,ar_1) = Uf (Hm(atﬂ, R ﬁtatAPtH) — ¢(ay).

Then, in terms of Hy := esssup,, o, , Hi(at, ..., ar—1), we get:

T—-1

Hy(ay,...,ar—1) < —clay) + Uy ( esssup  Hyyi(agyr,...,ar-1) + 5tatA15t+1> -

Qt415,0T —1

This yields that H; < esssup,, {—c(at) + U? <Ht+1 + ,BtatA]-:’tH) } For t = T — 1 this is an equality and
by assumption the value Hp_; is attained at some ar_1. Suppose now that equality holds in the previous
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equation for t +1,...,7 — 1, and H;y; was attained say at (Gs4+1,...,a7r—1). This implies that:

H; < esssup {—C(at) + U (Ht+1(dt+1a coaro1) + /BtatAPt—H)}

at

< ess sup {—c(at) + Uta (Ht+1 (at+1, e 7Cl/_rfl) + ,BtatAPt+1>}

Gt,...,aT—1
= esssup Hy(As,...,Ar—1) = H;.
Aty AT

So indeed at time ¢ also H; = esssup,, {—c(at) + Uf (Ht+1 + ,BtatA]sHl)} holds and by assumption the
last term is attained at some G, from which Hy is attained at (ag,...,a7r—1). This closes the inductive

step, and therefore the desired recursion holds.
Now we will establish rigorously recursion (equivalently @) To this end we denote by 8 = ()
a generic decision variable for the Principal and a = (a;); where a; € L°(F;)", a corresponding optimal
effort for the Agent. Let
N = Z |:(1 - ﬁS)GSAﬁS+1 - AHS+1] .
s>t+1
Then using the just proven expression for Hy (i.e. (8))), and setting I' = Bras AP + Hyyq, we get:

s>t

uy (Z [(1 — Be)asAP,, — AH,M}) =U?P ((1 — B)asAByy — Hypr — ci(ay) + N

+ Uta (Ht+1 + BtatAPt+1>> s
=U¢ (atAPtJrl T+ U (D) — ci(ar) + N) ;
:Uta (F) — ct(at) =+ Utp (CltApt+1 — F —+ N) .

And now, applying time-consistency and translation invariance in the last term above we get:

U? (Z [(1 — By)asAP, i — AHSHD = US(T) — ci(ar) + UP (atAPt+1 T+ UfH(N)) :
s>t
Therefore calling hy11(a,T') = UF, (), we obtain recursion (11). That is to say, if (a,I') does not satisfy
this recursion, they will not be chosen by the Principal. In the same way we conclude for (a, ) and
recursion @ With these recursions for h;(-) already established, we can proceed to prove the same
way we proved the recursion for H. First recall that actually h:(a,T") is a short-hand for h;((as, I'sy1)s>t)-
From this and we have:

hi((Gs, Tst1)s>¢) < UF <GSS sup hy1 (A, 1) + @ AP — I_11t+1> + U (T441) — (@)

)

This yields

he < esssup  UP (ht+1 + APy — Ft+1) + Ui (Li41) — ce(ag).
(at,Le4+1)€Ce(Be)
For t = T — 1 this is an equality (we defined hr = 0) and by assumption the value hp_1 is attained. Using
induction, similarly as how we did it for H, we get that holds.

The validity of the change of variables ﬂtatAptH + Hyy1 — Tyy1 and the introduction of C(5) as a
constraint inducing incentive compatibility are now obvious. This means that h represents the future
wealth prospects of the Principal. Hence at time t = 0 we obtain a solution for the whole Principal’s
problem, proving as well that Principal’s optimal wealth is Wy — R + hg.
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We proceed now to prove that a solution to Principal’s recursion delivers indeed an optimal (dynamic)
contract, and that the Agent behaves as predicted. Call (8;, A¢, I't41): the optimal quantities attaining h
in . Define © and the contract S as in the statement of the present theorem. Then:

Ur_y <@ + BTflanlAlsT> —cr—i(ar—1) = Z [Ft+1 — B AAP 1 — Uf(Tep1) + Ct(Atﬂ
0<t<T—1

R+ [er—1(Ar—1) —cr—1(ar—1)] — Uf_1(T'1)
+Uf_, (TT — Br_1Ar_1APr + BTflanlApT> .

By definition of C(3) the sum of the last terms is smaller or equal than 0, and exactly zero when ar_; =
Ap_q. Therefore

€ss sup {Urg’wfl (@ + 5T,1GT,1APT) — CTfl(anl)} :R + Z [Ft+1 — ﬂtAtAPtJrl + Ct(At) — Utll(rt+1)].

ar—1 0<t<T—1

This shows that at time 7"— 1 the Agent chooses Ap_1 when presented with (©, 3). If we define Hp = ©,
we are thus entitled to call Hp the value (left hand side or right one) in the above equality. By using
backwards induction, as we have often done and hence omit, we have proven that the contract S (defined
from (©,3)) is optimal for the Principal and incentive compatible (notice that automatically Hy = R),
and the Agent indeed chooses A under this contract. O

REFERENCES

[1] P. Barrieu and N. El Karoui. Inf-convolution of risk measures and optimal risk transfer. Finance Stoch., 9(2):269-298,
2005.
[2] Aharon Ben-Tal and Marc Teboulle. An old-new concept of convex risk measures: the optimized certainty equivalent.
Math. Finance, 17(3):449-476, 2007.
[3] B. Biais, T. Mariotti, J.C. Rochet, and S. Villeneuve. Large risks, limited liability, and dynamic moral hazard. Econo-
metrica, 78, 2010.
[4] J. F. Bonnans and A. Shapiro. Optimization problems with perturbations: a guided tour. SIAM Rev., 40(2):228-264,
1998.
[5] K. Borch. Reciprocal reinsurance treaties seen as a two-person co-operative game. Skand. Aktuarietidskr., 1960:29-58
(1961), 1960.
[6] A. Cadenillas, J. Cvitani¢, and F. Zapatero. Optimal risk-sharing with effort and project choice. J. Econom. Theory,
133(1):403-440, 2007.
[7] P. Cheridito, U. Horst, and M. Kupper. Equilibrium pricing in incomplete markets under translation invariant prefer-
ences. Forthcoming Mathematics of Operations Research.
[8] P. Cheridito, M. Kupper, and N. Vogelpoth. Conditional analysis on R?. Forthcoming in Volume ’Set Optimization and
Applications - State of the Art’.
[9] A. Cherny and M. Kupper. Divergence utilities. Preprint, 2007.
[10] J. Cvitani¢, D. Possamai, and N. Touzi. Moral hazard in dynamic risk management. 2014.
[11] J. Cvitani¢ and J. Zhang. Contract theory in continuous-time models. Springer Finance. Springer, Heidelberg, 2013.
[12] F. Delbaen and W. Schachermayer. A general version of the fundamental theorem of asset pricing. Math. Ann.,
300(3):463-520, 1994.
[13] L. Epstein and T. Wang. Intertemporal asset pricing under knightian uncertainty. Econometrica, 62(2):pp. 283-322,
1994.
[14] D. Filipovié, M. Kupper, and N. Vogelpoth. Separation and duality in locally L%-convex modules. J. Funct. Anal.,
256(12):3996-4029, 20009.
[15] D. Filipovi¢, M. Kupper, and N. Vogelpoth. Approaches to conditional risk. SIAM J. Financial Math., 3(1):402-432,
2012.
[16] I. Gilboa and D. Schmeidler. Maxmin expected utility with nonunique prior. J. Math. Econom., 18(2):141-153, 1989.
[17] B. Holmstrom. Moral hazard and observability. The Bel Journal of Economics, 10:74-91, 1979.
[18] B. Holmstrom and P. Milgrom. Aggregation and linearity in the provision of intertemporal incentives. Econometrica,
55(2):303-328, 1987.
[19] F. Maccheroni, M. Marinacci, and A. Rustichini. Ambiguity aversion, robustness, and the variational representation of
preferences. Econometrica, 74(6):1447-1498, 2006.



CONDITIONAL ANALYSIS AND A PRINCIPAL-AGENT PROBLEM 27

[20] H. Ou-Yang. Optimal contracts in a continuous-time delegated portfolio management problem. Rev. Financ. Stud.,
16-1:173-208, 2003.

[21] R.T. Rockafellar and S. Uryasev. Conditional value-at-risk for general loss distributions. Journal of Banking and Finance,
pages 1443-1471, 2002.

[22] Y. Sannikov. A continuous-time version of the principal-agent problem. Rev. Econom. Stud., 75(3):957-984, 2008.

[23] H. Schéattler and J. Sung. The first-order approach to the continuous-time principal-agent problem with exponential
utility. J. Econom. Theory, 61(2):331-371, 1993.

[24] S. Spear and S. Srivastava. On repeated moral hazard with discounting. Rev. Econom. Stud., 54(4):599-617, 1987.

[25] N. Williams. On dynamic principal-agent problems in continuous time. 2013.



	1. Introduction
	2. The model and main results
	2.1. Effort levels and wealth dynamics
	2.2. Preferences
	2.3. Contracts and optimal actions
	2.4. Main results

	3. General attainability results
	3.1. Agent's Problem
	3.2. Principal's Problem

	4. Optimal contracting under predictable representation
	4.1. Computing optimal contract and necessary optimality conditions
	4.2. Base preferences

	5. Conclusion
	Appendix A. Conditional Analysis
	A.1. Finite dimensional conditional analysis
	A.2. Conditional analysis on Lp

	Appendix B. Optimized certainty equivalents and Proof of Theorem 2.21
	Appendix C. Proof of Theorem 2.15
	References

