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Abstract

We consider a mean-field control problem with cadlag semimartingale strategies arising in portfolio
liquidation models with transient market impact and self-exciting order flow. We show that the value
function depends on the state process only through its law, and that it is of linear-quadratic form and
that its coefficients satisfy a coupled system of non-standard Riccati-type equations. The Riccati
equations are obtained heuristically by passing to the continuous-time limit from a sequence of
discrete-time models. A sophisticated transformation shows that the system can be brought into
standard Riccati form from which we deduce the existence of a global solution. Our analysis shows
that the optimal strategy jumps only at the beginning and the end of the trading period.
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1 Introduction

Let T' € (0,00) and let W be a Brownian motion on a probability space (Q, F,P) and F = (F3);c[o,7] be
the augmented Brownian filtration. In this paper we consider the mean-field stochastic control problem

min E

T T
/ (Y;_ dZ, + 2 d2), + 0,d]Z, W]s) v / AX2 ds] (1.1)
Zed 0 2 0

subject to the state dynamics
dXs = —dZs
aY, = (= pYo+CL) dt + 73 dZ, + 0, AW,

dCs = —( — a)Csds + a(E[zo] — E[X;]) ds
Xo— =m0; Yo =Co—=0; X7 =0

for 0 < s < T where the set of admissible controls is given by

of :={Z :Z is an F semimartingale with [Z]7 < oo}.
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Control problems of the above form arise in models of optimal portfolio liquidation with instantaneous
and transient market impact and self-exciting order flow. In such models the process (X¢);eo, ) describes
the portfolio holdings (“inventory”) of a large investor, the terminal state constraint X = 0 reflects the
liquidation constraint, (Z¢)c(o,) is the trading strategy, and (Y;):e[o,1) specifies the transient impact of
the investor’s past trading on future transaction prices. We may think of Y as an additional drift added
to an unaffected (martingale) benchmark price process or a randomly fluctuating spread that increases
linearly in order flow and recovers from past trading at a constant rate p.

The process (Ct);e[o,r) can be viewed as describing the expected number of child orders resulting from
the large investor’s trading activity. There are many reasons why (large) selling orders may trigger child
orders. For instance, extensive selling may diminish the pool of counterparties and/or generate herding
effects where other market participants start selling in anticipation of further price decreases. Extensive
selling may also attract predatory traders that employ front-running strategies; see Brunnermeier and
Pedersen [8], Carlin et al [12] and Schied and Schéneborn [37] for an in-depth analysis of predatory
trading.

Single and multi-player liquidation models with self-exciting order flow and absolutely continuous controls
where dZ; = £;dt have recently been considered in Chen et al [15] and Fu et al [23], respectively. In
both models, the market order dynamics follows a Hawkes process with exponential kernel, and the large
investor’s trading triggers an additional flow of child orders whose rate increases linearly in the investor’s
traded volume. Assuming that the drift/spread depends on the aggregate order arrival rate (child order
rate plus the large investor’s rate) then leads to an equation of the above form for the transient impact
factor Y.

While the restriction to absolutely continuous controls is standard in much of the liquidation literature,
the assumption seems restrictive; it is often made for mathematical convenience as the resulting control
problem is much simpler to analyze. In fact, while abstract existence and characterization of solutions
results can be obtained for models allowing for more general classes of admissible strategies (see [29] and
references therein), explicit solutions in stochastic settings are rarely available. Retaining the assumption
that the large investor’s trading activity triggers an absolutely continuous flow of child orders that
increases linearly in his/her traded volume, we obtain explicit solutions for both the value function and
the optimal strategy when allowing for general cadlag semimartingale trading strategies.

Allowing for semimartingale strategies, we explicitly allow inventory processes to be of infinite variation.!

Portfolio liquidation/choice models with inventory processes with infinite variation were considered by
several authors before, including [1, 7, 24, 28, 33]. The most important difference between previous work
and our model is that we consider a mean field control problem, while the control problems analyzed in
the existing literature are standard ones.

Closest to our work are the recent papers by Ackermann et al [1] and Horst and Kivman [28]. As in [1]
we analyze the continuous time model by passing to the limit from a sequence of discrete time model; by
contrast [28] approximates semimartingale strategies by absolutely continuous ones. At the same time,
the main difficulty in [1] arises from allowing a very general filtration while we consider a Brownian
filtration but allow for self-exciting order flow which results in the said mean-field control problem.

When working with semimartingale strategies one needs to penalize the (co)variation of the semimartinagle
strategy (with the driving Brownian motion); otherwise the optimization problem would not be well

posed. This observation goes back at least to Garleanu and Pedersen [24]. This explains the second and

third term in our cost function. Similar cost terms have also been considered in [1, 28, 33]. The first

term in the cost function describes the trading cost while the last term captures the market risk. These

two terms are standard in the liquidation literature; see [2, 3, 14, 21, 30, 35] and references therein.

ICarmona and Webster [13] provide strong evidence that inventories of large traders often do have indeed a non-trivial
quadratic variation component.



To the best of our knowledge, we are the first to address mean field control problems with cadlag
semimartingale strategies, which include mean field singular control problems as special cases. Mean
field singular control problems have been considered by many authors, including [22, 25, 27, 31]. Among
them, using a relaxed approach Fu and Horst [22] established an existence of optimal control result for a
general class of mean field singular control problems. Guo et al [25] established a novel It6’s formula for
the flow of measures on semimartingales; however, the examples provided in [25] are mean field control
problems with either regular or singular controls. Hafayed [27] established a maximum principle for
general class of mean field type singular control problems. Using a maximum principle approach, Hu et
al [31] studied mean field type singular control games arising in harvesting problems.

Our paper also contributes to the literature on the characterization of non-Markovian singular control
problems. One-dimensional models were studied in, e.g. [4, 5, 6, 33]. Multidimensional problems are
much more difficult to analyze, even in Markovian settings; see Dianetti and Ferrari [17]. For non-
Markovian ones, refer to e.g. [1, 19]. In [1], Ackermann et al solved a two-dimensional problem with
random coefficients arising in optimal liquidation problems. In [19], Elie et al studied a multidimensional
path-dependent singular control problem arising in utility maximization problems. Our control problem
is a three-dimensional non-Markovian one with the non-Markovianity arising from a possibly non-
Markovian volatility process o and the mean field term E[X]. Moreover, our strategy is of infinite
variation.

The main challenge when analyzing control problems with semimartingale strategies (with or without
mean-field term) is that there are usually no canonical candidates for the value functions and/or the
optimal strategies. Even the linear-quadratic case is difficult to analyze; although it is intuitive that
the value function is of linear-quadratic form, the dynamics of the coefficients is a priori not clear. This
calls for case-by-case approaches when analyzing such problems. We follow the approach taken in [1, 24]
and consider a sequence of discrete time models and then pass to a heuristic continuous time limit. Our
approach suggests that the value function depends on the state process only through its distribution and
that it is of linear quadratic form driven by three deterministic processes and a BSDE.

It turns out that the driving processes follow a system of Riccati equations that does not satisfy the
assumptions that are usually required to guarantee the existence and uniqueness of a solution. Our main
mathematical contribution is to show - through a sophisticated transformation - that our system can
be rewritten in terms of a more standard system that satisfies the assumption in Kohlmann and Tang
[32] under a weak interaction condition that bounds the impact of the child order flow on the market
dynamics. Subsequently, we employ a non-standard verification argument that shows that the candidate
optimal strategy is indeed optimal. The key idea is to rewrite the cost function as a sum of complete
squares plus a correction term that turns out to be the value function.

Our analysis shows that the optimal strategy jumps only at the beginning and the end of the trading
period. This is consistent with earlier findings in [24, 28, 29, 34]; in the absence of an external “trigger”
there is no reason for the optimal strategy to jump, except at the terminal time to close the position and
at the initial time.

The remainder of this paper is structured as follows. The main results and assumptions are stated in
Section 2. The wellposedness of the system of the Riccati equations that specify the candidate value
function and strategy is established in Section 3. The verification argument is given in Section 4.
Numerical simulations illustrating the nature of the optimal solution are given in Section 5. Section 6
concludes. The heuristic derivation of the value function is postponed to an appendix.

Notation. For a deterministic function 27, denote by 2 its derivative. For a stochastic process 2~
satisfying some SDE, we still use the same notation 2" to denote the drift of 2". For a matrix (or vector)
%, %, (or %) denotes its (7, j)- (or i-) component. For a space &, we denote by L>([0,T]; Z) the space
of all Z-valued bounded functions. C([0,T7]; 2) is the space of Z-valued continuous functions. For an



integer n, we denote by S™ the space of symmetric n x n matrices. For a measure y on R™ we denote by
i1 the vector of expected values, and for a matrix A € R™"*" we put

Var()(4) = / (=) Al — Fyld) = / " Awu(dr) " AR,

2 Main results

To solve the control problem (1.1)-(1.2) we consider the following dynamic version of (1.1)-(1.2):

Jin J(t,Z) = Juin B l/tT (YS, dZs + % d(Z]s + 04d[Z, W]S) + /tT AX2 ds] (2.1)
subject to the state dynamics
dXs = —dZ;
dy, = ( Y+ %0;) dt + o dZs + o AW, )
dCs = —(f — a)Csds + a(E[zo] — E[X,]) ds
(XY, G ) = X5 Xp =0,
where
oy ={Z : Z is an F semimartingale starting at ¢ with [Z]r < oo}. (2.3)

We denote the value function, given the random initial state X = (X;—,Y;_,C;_) at time ¢ € [0,T'), by
V(t,X) = Zlgf{t J(t, 7). (2.4)

2.1 The value function

Let p be the law of the initial state X', and let & be the vector of expected values. Our goal is to represent
the value function in terms of two deterministic symmetric R3*3-valued processes A, B, an R3-valued
deterministic process D and a real-valued adapted square integrable process F' as?

V(t,X) = Var(u)(Ar) + ' Befi + D{f i + E[F}]. (2:5)
The dynamics of the processes A, B, D, F' is derived heuristically in Appendix A by first analyzing a
discrete time model and then taking the limit as the time difference between two consecutive trading

periods tends to zero. It turns out that:

e The process A is symmetric, satisfies A1; = 72421, A12 = Y2420 + %, Aq3 = 72 As3, and the ODE

: (pAi1: + )\)2
Ay = |-y P T A
11,t < ~ap T\
. -« A1+ A —a) —2pA
A :<71 (B )All,t + (8 —a)Aizs — (A1t ) (n(8 ) P 13,t))
V2 2(y2p +A) (2.6)
i 718 — @) (11(B — @) — 2pAi3 t)2
Asz; = 2(8 —a)As3 s +2——L A13, + :
33,¢ ( (B )As3 " 13,t N ESY
Anr :%, Az =0, Asz37=0.

The above is a standard ODE system that can be uniquely solved.

2The notation Var(u)(A¢) was introduced at the end of the introduction.



e The process B is symmetric, satisfies B11 = v2B21, B12 = 72 B2 + %, B13 = 72 B3, and the fully

coupled system of Riccati-type equations

. Q
B = (27’; Bi1+2aBig; — A
2

2
(Q(Ma —Y2p)B11,t + 117200 + 20072 Big s — 272/\)
473 (y2p — 1+ A)

+
. —
B3z = (2(ﬁ —a)Bss; + QMBLM

72

+

2
(2(7104 — 72p)Bi3,t + 2720B3s ¢ + v172(08 — a))
473 (Y2p — 1+ A)

. —Q «
B13,t = {A’/l(ﬂ)Bll,t + Qng’t + (6 — + %)Bl:}i

72 2
+ (2(7104 —72p)B11,t + 12 + 20072 B3y — 2’YQ>\)

 (2(na —2p)Bist + 292aBss ¢ + 1172(8 — @)
493 (vep —ma+A)

Bur= 12 Bisr =0, Bs3r=0.

2 b

This system is complicated to analyze; its analysis is postponed to the next section.

e The vector-valued process D satisfies Dy = 7, D, and the components D; and Ds satisfy the

coupled linear ODE system

. 2v1aE|z «
Dy = { - ’yl’yz[O]Bu,t — 20E[zo]Bis,: + %Dl,t +aD3,

+ ( — 2 M2 + 2(y1ee — Y2p) Bi1 g + yive + 04’Y2313,t)

( —m1720E[x0] + (1t — y2p) D1t + Oé’YzDs,t)
273 (v2p —ma+ A)
2 E —
o [CCO] Bisi+ 71(5 Oé)

D3,t = { — 2aE[z]Bss,t —
Y2 Y2

+ (2(7104 — v2p)Bis ¢ + 2v2aBss 1 + y172(8 — 04))

( — m1y20E[zo] + (i — y2p) D1t + 05’Y2D3,t>
273 (v2p — M1+ A)

Dir=D37=0

e Due to the random volatility process, the process F' satisfies a BSDE, namely

2A — D
_dFt = {U?H,tQW + 04711[‘:[33‘0} Lt + aE[l‘Q}D&t
273 Y2
- L —am1E[zo] + (ma — )%ﬂw ’ dt — zF aw,
4()\ ¥ y2p — am) Y1 0 Y1 V2P v 3,t t t

Fr=0.

D+ (8—a)Dsy

(2.8)

(2.9)



We prove in Section 3 that the system (2.7) is well posed and admits a unique global solution if the
feedback effect as measured by the constant « is weak enough. In this case, the joint dynamics of the
process (A, B, D, F) is well-defined.

2.2 The main result

We assume throughout that the following standing assumption holds.

1. The coefficients 1, 72, «, B, p and A are nonnegative constants.
2. The coefficients satisfy 8 — a > 0 and y9p — 10 + A > 0.

3. The initial position x( is an integrable r.v. that is independent of the Brownian motion. The

volatility process o is a square integrable progressively measurable process.?

It will be convenient to rewrite the state dynamics and the cost function in matrix form as

dX, = (wcs Y HE[X,] + g) ds + Dy dW, + KdZ,, se[t,T),

(2.10)
th == X
where
0 0 0 0 0 0
H= 10 —p —m(B-a)], H=|-ay 0 0],
0 0 —(B—a) : —« OTO (2.11)
G = (0 ay1E[zg] ozE[xO]) , DS:(O o O) ,
T
K= (—1 Y2 0) .

The following is the main result of this paper. Its proof is given in Sections 3 and 4 below.

Theorem 2.1. If the standing assumption is satisfied, and if either A = 0 or Apy2 > 0 and « is small
enough, then the following holds.

i) In terms of the processes A, B, D, F introduced in (2.6)-(2.9) the value function defined in (2.4) is
given by
V(t,X) = V(t,u) = Var(u)(Ar) + " Befi + D i + E[Fy). (2.12)

it) The optimal strategy VA jumps only at the beginning and the end of the trading period where the
initial and terminal jump is given by

A IB D

~ I ~
AZ, = (X — 1) — iﬁ — i and AZp = Xp_ (2.13)

_t
a

respectively. On the time interval (t,T) the optimal strategy satisfies the dynamics

dZ, = (—jg(xs ~E[X,)) - Ij (X, — Ij - %H()«S _E[x))
) ) (2.14)
- %((7—[ FH)E[X,] + g)) ds — %Ds AW, se(t,T)

3We emphasize that o is allowed to be degenerate.



where & = Yap + N, a = yap — 1t + X, and the processes I, IP and IP are given by

—pAi — A T CHBEB +abBiy — A+ 9 '
M= —ptr+p , IP=| By el 4y g0
@ — pAus G 4 (e = 72p) 25 + By
and o Dl o
P = _TE[%] + (na— 72P)E + §D3-

3 Wellposedness of the Riccati Equation
In this section, we prove that the system (2.7) is well posed and has a unique global solution. Specifically,

we prove the following result.

Theorem 3.1. In addition to the standing assumption, let us assume that a is small enough and
that \,y2,p > 0. Then the matriz Riccati equation (2.7) admits a unique solution

B € L*™(0,T);R*) n C([0, T); R?).

To prove Theorem 3.1, it will be convenient to introduce the matrix-valued processes

B B na 4 (na—yp)(na=2) o 4 ome=2) _
P = ( 1 13) , N = < 2 292 (y2p—y10+ ) 2(v2p—v10+A) ’ Ny = (’Yla ’720) ,

1nB=a) | (a—yp)11(—a) na(B-—a)
Bis B St e e BTt ey V2
1 rio®—4Xy2p 7 (B—a)(r10—2)) 0
- o ( T MGEREY) oo (7 )
— ’ n(B-a)(ma= 1 (B—a ’ ’
(2P = mat ) 14(“/29*%1&“\) T2p—T10 70 00

so that the system (2.7) can be rewritten in the matrix form as:

{ P = (PNoNNG Py + NPy + PN, — M), £ €1(0,T) 3.1)

Pr=g.

The matrix-valued Riccati equation (3.1) does not satisfy the requirements of [32, Proposition 2.1, 2.2]
as M is not positive semi-definite. To overcome this problem we employ a sophisticated transformation
to bring the equation into standard Riccati-form. To this end, we define

P="P+A,
where the matrix A is given by
i A1) Aa? Aa(B — )
S\ A3/ \Aa(B-a) AB-a)?

for some constant A that will be determined in what follows. The process P satisfies the dynamics

Pr = PNaNoNy Py + NuPi+ PNG | — M, tel[0,T)

- - (3.2)
PT = g + Av

where the matrices /\A/Tl and M are given by, respectively,

N =N, — ANGNGNG and M= —ANoNGN A+ N A + AN + M.



It is enough to prove that the above matrix-valued ODE has a unique solution for a suitable A € R.

PROOF OF THEOREM 3.1. We are going to show that the equation (3.2) satisfies the assumptions of
of [32, Proposition 2.1, 2.2], that is that the matrix M is positive semidefinite for a suitably chosen

constant A. The entries of M are given by, respectively,

Y2 272(72p —ma + A)
alyra —2X0) > B Yo% — 4 yap
2(vep—ma+A) ) Alyep—ma+A)

2
v {Al(%O‘_WPHAWO‘} ('7104 ('7104—’)/2P)(’Yla—2/\)>
1= - 5 + 2\
Y3 (v2p —ma+A)

+ 29 <a +
-//\/l\/lQ - M21
{)\1(7104 —Y2p) + )\2’)’204}{)\2(7104 —Y2p) + /\3’)’204}
V3 (20 — 1+ A)

e | (i —y2p)(na — 2)\)) ( a(yia —2X) )
tA | =+ + 3o+
? ( V2 272(72p — i+ A) ° 2(y2p — i+ A)

nB-—a)  (ma—re)nB-a 3 no(B —a)
th ( V2 - 27v2(y2p — M + ) > A2 (6 a+2(72p—’yloz+)\))
~ n(B-a)(na—2A)

4(v2p —ma+A)

2
W - {)\2(’Yla —Y2p) + )\3’7204} L2, (71(5 —a) N (1v — y2p)71 (B — a))
Y3 (y2p — e+ A) Yo 272 (y2p — M1 + )

B mna(f —a) B (B —a)?
2 (ﬁ T 2p o+ A)) 4(r2p —ma+A)

In terms of the functions

2
042(71@—7204-72(5—04)) _
f(A) P 5 A2 + 9 (W + 7104(710[ ’YQP) +B —a
Y3 (y2p — 11 + A) Y2 272(v2p —ma+A)
Tof — ) )A+ Vi
2(72p — ma+A) 4(v2p —ma+A)’

V10— Y2 B—a
A=A + A,
9(8) (72(72,0—71044-/\) 72p—71a+/\)

the matrix /T/I can be written as

F(M)a? —20%g(A) + —A2L_ F(N)a(B — o) — a(B — a)g(A) + z2ulle) o
F(M)a(B - a) = a(B — a)g(A) + 52l o FIM)(B = a)? '

Straightforward calculations show that

Det[M]

e Map A
(B —a) (f(A) Yep—ma+ A A(yep —mna+A)
_ Mep(f-a)®

i )
—~ +O(a).
Y2p — 10+ A (f( ) 4v2p(72p — M+ A) (@)

2 %) = ()~ g(A) 22

The proof of the positive semi-definiteness of M is now split into the following two cases.



e Case 1. yvia — y2p+ 72(8 — @) < 0. In this case,
g(A) <0 forall A>0 (3.3)

and we put
Mt

m(d) = F(A) = 4yap(y2p — M+ A)

Case 1.1. a(y1a—y2p+ 12(8 —a)) = 0. In this case either « = 0 or vy — Yop + 12(8 — @) =0
and hence h; is linear with a positive leading coefficient. Thus, choosing A = Ag > 0 large enough,
hi(Ag) > 0 and thus f(Ag) > 0 as well. Moreover,

Ay2p

— "B 50, Moo= f(A))(B-a)?>0
Yop — M0+ A 2= f(8o)(8 )

Miy = f(8o)o® — 2g(Ao)a’ +
and ) )
)"YQp(ﬁ _ Oé) (f( 0) _ ArYl
Y2p — 1@+ A 4v2p(y2p — M+ A)
by choosing Aj large enough. Hence, in this case our matrix is positive semi-definite.

Det[M] = )+O(a) >0

Case 1.2. a(yia—v2p+72(8 —a)) < 0. In this case, hy is a quadratic function with a maximum
point Ay > 0. If « is small enough, then the discriminant of h; is positive since

2
(2(5 —a) Ta{y2p — o+ Y2 (f — a) + 2>\}>
Y2 (20 — 100+ A)
9 2
- (wafvzwrw(ﬂ*a)) . < 2 A2 )
Y3 (v2p — M+ A) 4(y2p — i+ N) | Ayap(yap — i+ )

_ (2(5 — )+ nefyep — e+ 12(8 - o) + 2>\}>2

N Y2 (v2p — 1100+ A)
2 2
Yio? (7104 —y2p +72(8 — a)) Mia? (%a —y2p+ 728 — a))

V3 (120 — M+ A)? P73 (2p — M + A)?
> 4(8 — )? - ofa)
> 0.
As a result, f(Ag) — Wﬁvm-ﬁ-k) > 0, which implies that f(Ag) > 0. Thus,

Avep

PP ) My = f(A))(B—a)? >0
S —— 22 = f(Ao)(B — @)

Mi1 = f(Ao)a® — 2g(Ao)a® +

and ) )
)"VQp(ﬁ - Oé) (f( 0) _ >\’71
Yop —y1a + A dyap(yap — V10 + A)

for small «. Hence, in this case, too, the matrix M is positive semidefinite.

Det[M] = ) +0(a) >0

e Case 2: yia— v2p+ 72(8 — «) > 0. In this case, we put
ha(A) := f(A) —2g(A)

5 2
o (%a —72p + 72 (B — a))
Y3 (Y2p — M+ A)
N (272(72p —ma)( —a)+ya(yep —1a) + 17208 —a) + 272p>\> A
Y2(v2p — M+ A)

A2

gkt
4(y2p —ma+ A)




The discriminant of the quadratic function hs is positive since

<272(72p —ma)(f — o) +ya(yzp — 1) + 117208 — ) + 272p>\)2
Y2(v2p — M+ A)

2
a? (%a—vszrw(ﬁ—a)) 2

% (120 — M+ A) 4(y2p — e+ A)
- (272(72p —na)(B = a) +ne(ep —nao) +nypalB-o) + 272pk>2

Y2(v2p — M+ A)

2
(%a(vzﬂ — M) + 72008 — a))
Y3 (y2p — 11 + )2

> 0.

Let us denote the maximum point by A;. Then A; > 0 and so ha(A;) > 0. To show that the
determinant of M is positive we first show that

F(AL) — it >0
Y dyap(rep — i+ A)

for a small enough. Indeed,

Mt

" Ayep(rep — M+ N)
1

f(Ay)

— . .
4a? (vla —Yop + Y2(B — a)) (Y2p — 11 + N)

({272(5 —a)(y2p — M) + 2 (71 — Y2p + 12(B — @) + n1a(y2p — 1 + 72 (8 — @) + 272M}2

— AN (y1a = 2p +72(B — @))® — a®yf (%a —Y2p +72(8 — a))2 (1 + /\) )
2P

> ! (4930°X* — o(@)) > 0

2
4a? (7104 —Yop + Y2 (B — a)) (Yop — M1+ N)

for a small enough. In this case,
vi Ay2p Vi
=hy(A))o® + — 25— >0 = f(A —a)?>0
Mir = ha(Ar)a +72p771a+)\ >0, Map=f(A)(B—a) >

and ) )
Yop — M1 + A dyap(y2p — y1x + N)

and so M is positive semidefinite.

Det[M] = ) +0(a) >0,

In conclusion, we can always find a constant A > 0 such that M is positive semidefinite. Since the

terminal value

2+ Aa? Aa(f— )

Aa(f—a) A(B—a)?
is positive definite, all the coefficients in (3.2) satisfy the requirements in [32, Proposition 2.1, 2.2]. As
a result, the system (3.2) has a unique solution in L>([0,7];S?) N C([0, T]; S?). O

Remark 3.2. In the case of risk-neutral investors, i.e. if A = 0, the assumption that « is small enough
can be dropped. Indeed, in the risk-neutral case, the matrix M can be written as

< fA)e? f(M)a(B — a))
fM)a(B—a) fA)B-a)?)’

10



o? (71a =20+ 72(8 — 04))2

JA) == 273 (12p — M)

A2t (o5 o %a(b’—a))A_ V3 .
+( (B=a)+ Y2 - (Y2p — M) 2(y2p — M)

Since the determinant of M is zero, it is sufficient to prove that f(A) > 0, for some A. This can be
seen as follows. If a(y1a — vap + 72(8 — «)) = 0, then f(A) > 0 by choosing a A large enough. If
a(yia — y2p + 72(8 — @) # 0, then the maximum point of the quadratic function f is strictly positive
and the discriminant of f is positive since

2
(w oy 2y malfoa) )2 e nlize)
Y2 o (2p —ma) 273 (y2p — ma) 2(y2p — M)
2 2
%a(vzp*%wrw(ﬂ*a)) Yio? (71a772p+72(ﬁfa))

Y2 (v2p — M) Y3 (y2p — 110)?

=12(8—a)+

2 2
7;%042<72P—7104+’Y2(5—a)) 712042(720—%044-72(5—04))

>|2(8—a)+ - 2 2
Y2(72p — N1) Y5 (20 — M)

> 0.

Hence there exists a A > 0 such that f(A) > 0.

4 The verification theorem

To verify that the strategy given by equations (2.13) and (2.14) is indeed optimal we first prove that the
cost functional can be written as a sum of two complete square terms and a correction term that we will
identify as the value function.

Proposition 4.1. Let the standing assumption hold. Then the cost functional can be rewritten as
T 1 A _ 2 T 1 B- D 2
J(t,Z) = ]E[ = (M =) ds+ | = (I1Pa +1D) ds}
t t
+ Var(u - )(Ay) + i_Biji— + Dyl fir— + E[F],
where . is the law of X.. In particular, the cost functional reaches its global minimum if
T 2 T 2
/ (I2Xs — )" ds = / (IPps+1P)" ds=0, as.
t t

In this case, the value function is indeed given by (2.12).

Proof. For any strategy Z € <, we first separate the cost of the jump at the terminal time from the

11



cost functional. To this end, we write the cost functional as

. )
J(t,Z)=E / (y;_ Az, + 2 4|2, + 0, d[Z, W]S> + / AX2ds
[t,T) 2 ¢ |

+E [— (YT, - %AXT) AXT}

. i
—E / (Y- dz, + 2 di2), + o, diZ,W],) +/ AX2 ds
[t,T) 2 ¢ |

+E [%)@7 + XTfny} ( since X7 =0)

., i
—E / (Y- dz, + 2 di2), + o, diZ,W],) +/ AX2 ds
[t,T) 2 ¢ |

+E [(XT_ — ﬂT_)TAT(XT_ — fr—) + ﬂ;_BTﬂT_ + D;ﬂT_ + FT] .

Next, we are going to analyze the expected jump cost term-by-term. From this we will see that many
terms cancel and then arrive at the desired representation of the cost functional.

e We start with the term E [Xp_ ApXp_]. Using It6’s formula in [36, Theorem 36],

T—
/ ITATIuT_ (d:L') = E{/ Z(AsXs’—)TdXG + TT(Asd[Xv X]i)
R3 t

+ 3 (A - xlAx, - 2(ASXS_)TAXS)}
t<s<T

T
+/ xTAtz,ut_(d:r)Jr/ / x " Agzpg(dz) ds.
R3 ¢t JRr3

Note that
d[ZCaZC]S —0g d[ZC7W}S +’>/2(i[ZC7ZC]3 0
dlX, X)S = | —0d[Z¢,W]s +75d[Z¢,Z¢)s 02ds+~3d[Z°, Z¢)s + 2790, d[Z¢,W]s O],
0 0 0
which implies by the relationship between the entries of the matrix A (cf. the statement above
(2.6)) that
T—

T
(A, e, 2 ds = [ (=2 di20, 2%, - 0,28 W), + 02 ds).
t

t

Taking this back into the above equation shows that

/ x " Apzpgp_(dx)
R3

T T—
- K / 2(AsXs) T (HXs + HE[X] + G) ds+/ 2(AX, )T K dZ,
t t
r V2
_ 12 c [ c 2
+E/t (-2 arze, 77, asd[Z,W]s+asA227sds)] )

+E| > (ATAX - X AX 24X, )TKAZ,)
t<s<T
T .
/ X Ax, ds] :
t

12

—|—/ x Ay (dz) + B
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e Next, we consider the term fiJ.  Arfir—. In view of (2.10) the expected value z follows the dynamics
dpi, = ((H +H), + G) ds + K dEIZ]. (4.3)

Applying the chain rule to 7" A% from t— to T—, it follows that

T—
ﬂ;—ATﬂT— = / Q(ASﬂS—)Tdﬁs + Z (ﬂ;ASﬂs - /_L:—ASFLS— - Q(As.aS—)TAﬂS)
t t<s<T

T
+ i A + / fis Aspis ds.
¢
Taking (4.3) into the expression of fi;. Arfip_ we arrive at

T T—
fip_Arfip_ = [i,_Asfir— + / 2(Asfis) " (M, + Hpt, + G) ds + / 2(Asfis-) 'K dE[Z,]
t t

. (4.4)
T Z (ﬂ;rASﬂs - ﬂ;[Asszf - 2(A8ﬁsf)TAﬁs) +/ /_‘ZAS/_LS ds.
t<s<T t
e Similarly to the last step it holds that
T o T—
g Brlip_ = i Bifis— +/ 2(Bspis) ' (Hp, + Hp, +G) ds +/ 2(Bgjis_ ) K dE[Z,]
t t
(4.5)

T
T Z (ﬂZBSﬁs - ﬂ;[Bs,asf - Q(BSﬁsf)TAﬁs) +/ ﬁ;—BSﬂs ds.
t

t<s<T

e Applying the chain rule to D', we see that

T—

T
D;ﬂT,zE[/t D] (HX, + HE[X,] +G) ds + t D/ K dz,

T
+ Y (DX, -Dlx,) - DJAXS)] + D i +/ D/ jisds
t<s<T t

T T— T
=E / D] (HX, + HE[X,] +G) ds+/ D/KdZ,+ D/ i +/ D] s ds] ,
t ¢ t
(4.6)
Next, we collect all the terms in (4.2), (4.4), (4.5) and (4.6) involving jumps. Their sum equals
T—
IE|:/ Z(AS)(S—)TK dZs + Z (X;FAQXS - XQ—I;ASXS— - 2(A9X9—)TICAZ9):|
t t<s<T
T—
- ]E[/ 2 Asis—) K dZo+ Y (ad Asiis — il Asjie- — 2(As,zs_)TAXS)}
t S
. st (4.7)
- E[/ 2(Bifis—) 'KdZ,+ Y (i) Befis — i) Bajis— — 2(Bsgs,)TAxs)}
t t<s<T
T—
+E DK dZS] .
t
Since
K'A=(-1 7 0A=(0 -1 0)=K"B, (4.8)



we obtain that

T— - T— T
—E[/t 2 Aufis_) icdzs]+E[/t 2(Byjis_) K dZ,| = 0.

Since Afr = E[LAZ] we also obtain that
E [(ﬂ;—BSﬂs - /jb;rfBS/jLsf) - 2(BS/ZS*)TAXS] = A[LIBSA[LS
= E[AZ.KT B,Afi]
= E[AZ KT A AfL]
= Aﬂ;—AsA/js
=E [(ﬂ;Asﬂs - ﬁZ—Asfasf) - Q(As/isf)TAXS} .
Using (4.8) again, we have that
2A X, ) KdZ, =2KT A X, dZ,
=(0 -1 0)X,._dZz,
=-Y,_dZ,.
Moreover, the definition of K implies that
XJAX, - X A X, —2A.X,)TKAZ, = AX] AAX,

= AZ, KT A;AX,
= —%AZSAYS
__2 2
- -2z
and that
-1
DTIC = (Dl D2 Dg) Y2 = —D1 + ’YQDQ =0.
0

As a result, the jump terms (4.7) together with the term E [ffT (—2d[z°, 2% — osdZ°, W]S)} in (4.2)
cancel with the first three terms in (4.1). Hence, taking (4.2), (4.4), (4.5) and (4.6) into (4.1) yields that

J(t. Z)

=EK

T T T T
/ 2(AsX,) " (HXs + HE[X] + G) ds+/ DSTASDSder/ XSTASXSds—i—/ X ox, ds]
t t t t

T T
—E / 2(Asps)'|' (’HXS + HE[X,] + g) ds} —/ ,EIAS,ES ds
t t

T
+E / 2(Bsfis) " (HXs + HE[X,] + G) ds
t

T .
+ / ,L_L:Bssz ds
t

T .
/ F,ds
t

T
+E / D] (HX, +HE[X,] + G) ds
t

T
+/ D] ds+E
t

+ Var(ue-)(Ar) + BB, + D/ i, + E[F}],

where
A0 O
Q: =10 0 0
0 0 O



Recalling that 7 = E[X] and collecting the terms X (---)X, &' (--- )7, (- -- )@ and other terms, we have
that

J(t,Z)

T T
- E l/ X7 (Q FoHT A+ AS) X, ds +/ al (—As 9T A, + B, + 2H B, + ﬂTBS) i, ds
t t

T T
+/ (2gTBs + D] + DI+ Djﬂ) fis ds + / (DSTASDS + DTG+ F) ds
t t

+ Var(u—)(A¢) + 1 Bifi— + D/ fi,_ + E[F}]

T
=F / (X — i) | (Q +H A+ AH+ AS> (X — [is) ds
t

T
+/ fig (Q + B, +H B, +BH+H B, + Bﬁ) [is ds
t

T T
+/ (QQTBS + D] + DI+ Djﬁ) is ds + / (DSTASDS + D] G+ F) ds
t t

+ Var(u-)(Ar) + BB, + D[ i, + E[F}].

By (A.15), (A.16), (A.17) and (A.18) in the appendix it holds that

T4 ,
( )a = Q+H'A+AH + A
IB TIB . - .
( )a — Q+B+H ' B+BH+H B+BH
2IP B : —
= =12"B,+D] +D/H+D]H
a
(I")? T T :
~—~ =D'AD+D'G+F
a
which gives us the desired result. O

Let X be the state process driven by the strategy Z given by (2.13) and (2.14). The next theorem shows
that X satisfies the equality in Proposition 4.1 thereby concluding the verification argument.

Theorem 4.2. The state process X driven by the strategy (2.13) and (2.14) satisfies
INX, —E[X]) =0, IPEX]+IP =0, secltT). (4.9)

Proof. We first prove that (4.9) holds at s = ¢. From the definition of AZ; in (2.13), we know that

. 7B P - A

a a

(X —E[X]) +E[AZ],
where we recall that X' := X,_. Since I*K = @ and IBK = a, we have that

IPE[X,) + IP = IPE[X + KAZ) + IP = IPE[X] + aE[AZ] + IP =0
and

IAX, — E[X)]) = IA(X + KAZ, — E[X + KAZ)) = IA(X — E[X]) + a(AZ, — E[AZ,]) = 0.
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Next, we prove that d{IA(X — E[X, ])} = d{IBE[X 1+ ID} = 0 for all s € [¢t,T) from which (4.9)

follows. In fact, the state dynamics gives us that

. B ID IB o IB
dE[X;] = ((H+H)[ s+ G — ICSE[ 5] — ics —IC%(’H,+H)]E[ s) — K= Q>

and
~ ~ ( ~ - j’A A > 1A
d(Xs —E[X,]) = [ H(Xs —E[X]) - K= (X E[X,]) — xls H(X E[X,)) | ds — K="D, dW, + D dW..

Hence, the desired result follows from the following equalities:

d{IBE[X |+ ID} = IPE[X,)ds + [P ds + IPdE[X,)]

a

(o (o)
= [IP+IP((H+H) - —IC—(H+H) E[X,] ds

rD B ID
4 iPds+ 1B (g -kl g K=

= (1P + 1P+ H) — 1P — 1P (M +ﬂ>) E[X,] ds
+(IP+1PG —1PG — IP)ds
= 0,
and

a{ 1A (X, ~ BIR))} = dI (&, — B[A]) + [2d(R, - E[T,])
— (1’;‘ + 14 <7—L /CI? I:’;’-t)) (X, —E[X,]) ds + I (iclgps +Ds) dw,

K
= (B2 + I = B2~ 1) (X — BLR)) ds + (— 12D, + ID,) dW,
~0.

5 Numerical simulations

This section provides numerical simulations that illustrate the dependence of the optimal inventory
process on various model parameters. In all cases xt =1, c=y =0, 0 = 0.8 and T = 1. All trajectories
were generated from the same Brownian path to guarantee that the trajectories are comparable. In
addition to our optimal solution we display the optimal solution in the Obizhaeva-Wang model [34],
which is the canonical reference point for our model. Setting o« = 8 = 0 = 0 our model reduces to the
Obizhaeva-Wang model.

Figure 1 displays the optimal position for two extreme choice of the market risk parameter. When
the investor is highly risk averse the optimal holding in our models is relatively close to the one in
the Obizhaeva-Wang model with added twist that in our model the investor may take short positions
generating additional sell child order flow and buy the stock back while benefitting from the additional
sell order flow. Overselling own positions should not be viewed as a fraudulent attempt to manipulate
prices. Instead, the large investor rationally anticipates his/her impact on future order flow when making
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0.0 4 & —— FHX Model

—— OW Model

0:0 0‘.2 Ut4 0‘.6 0.‘8 1?0 0‘.0 0:2 014 UtG 018 1‘.0
Figure 1: Dependence of the optimal position on the risk parameter A for A = 1.5 (left) and A = 0(right).
Other parameters are chosen as p = 0.7, 731 = 0.1, v2 = 0.5, a = 0.5, = 1.1.

trading decisions and uses it to his/her advantage. Similar effects have previously been observed in the
literature; see [23] and references therein for a more detailed discussion of different manipulation strategies
in portfolio liquidation models.

When the investor is risk-neutral, then the variations in the optimal inventory process are much larger;
portfolio holdings range from about —0.4 to 1.2. This, too is very intuitive. Large portfolio holdings are
much “cheaper” for a risk-neutral than a risk-averse trader.

47 —— FHX Model
—— OW Model
1.0
1
3
0.8 1 !
- |
|
4 1 4
0.6 1 2
|
0.4 i
i 17
0.2 1 i
i ol b
0.0 é |
—0.2 —— FHX Model —14
—— OW Model
—0.4

Figure 2: Dependence of the optimal position on the impact parameter « for « = 0 (left) and o = 1.8
(right). Other parameters are chosen as p = 0.4, A\ =0,y = 0.1, 2 = 0.5, 8 = 3.

Figure 2 displays the optimal position for varying degrees of child order flow. Even in the absence of
any feedback effect (« = 0) we see that it may be optimal to take short positions, that is, to drive the
benchmark price down and then to close the position submitting a large order at a favorable price at
the end of the trading period. This effect is much stronger in the presence of child order flow where the
price decrease due to own selling may be very strong and may well outweigh the cost of block trade at

the end of the trading period. Optimal positions for different transient market impact parameters are
shown in Figure 3.

6 Conclusion

We considered a novel mean-field control problem with semimartingale strategies. We obtained a
candidate value function by passing to the limit from a sequence of discrete time models. The value
function can be described in terms of the solution to a fully coupled system of Riccati equations. A
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Figure 3: Dependence of the optimal position on the impact parameter v2 for vo = 2 (left) and v = 0.3
(right). Other parameters are chosen as p = 0.7, A=0, 11 =0.1, a = 0.5, § = 1.1.

sophisticated transformation shows that the system has a unique solution and that the candidate optimal
strategy is indeed optimal.

Several avenues are open for future research. Let us just mention two. First, except the volatility of the
spread all cost coefficients in our model are deterministic constants. Although there are many liquidation
models where similar assumptions are made, these assumptions seem restrictive from a mathematical
perspective. However, as far as we can tell there is no obvious way to extend the heuristics outlined
in the appendix to the case of random coefficients. Second, we only considered a single-player model.
While there is a substantial literature on N-player games and, more so on mean-field games (MFGs)
with singular controls (see e.g. [9, 10, 11, 18, 20, 22, 26]), MFGs with semimartingale strategies have
not yet been considered in the literature to the best of our knowledge.

A Heuristic derivation of the optimal solution

In this appendix we consider a discrete time model from which we heuristically derive the Riccati
equations in terms of which we can represent both the value function and the optimal strategy in our
continuous time model. The idea is to derive a recursive dynamics in a discrete-time setting and then to
take formal limits as the time between two consecutive trading times tends to zero.

A.1 The discrete time model

Let us assume that there are NV + 1 trading times 0, A, 2A,--- , NA. Let the volume traded at time ¢A
be denoted by &;. The state immediately before this control is implemented is denoted by

Xin— = (Xia-,Yia—,Cin-).

Let (e,) be a sequence of i.i.d. N(0, A)-distributed random variables. In terms of the quantities

. AX 0 0
=010, R=2, Q=0 00
0 0 0
the discrete-time cost functional is given by
N
JE) =E|Y LTXa & +RE + X5 QaXia_|,
i=0

18



and the discrete time state dynamics in matrix form reads

Xnt)a- = AXpa— + AE[X,a_] + BE, + BE[,] + C + Depya, (A1)
where
1 0 0 B 0 00
A= 10 1-Ap -Ay(f-a)], A=|-alAy 0 0],
0 0 1-(B—a)A —aA 0 0 (A2)

B= (-1 (1-Ap)y 0), B
C= (0 aAvE[zg) aAIE[:cO])T, D=(0 o 0)—r

A.1.1 The value function

To derive a representation of the value function in discrete time we denote by p the law of the random
variable X := X,,A_ and set

V, = inf E
n() €)X,

N
Z LTXA & +RE + X5 QAXiA—] .

By the dynamic programming principle given in [16, Corollary 4.1] we have that
Valu) = ir§1f {E [ETXE +RE+ T QAX] + Vit (P ) X(fil)A ) } (A.3)

where X(©) denotes the state corresponding to the control &. Let
&= E—F d, .5(\ = (XnA—7i}nA—a 6nA_)T = (XnA— — 0, YA + 720, OnA_)T =X+ (—5, Y20, O)T
A straightforward calculation shows that

Vi(p) = irlf{ {ETXS +RE + XTQAX + Vot (Po X((n)+1)A )} }

13
+E [mA_ + ﬁs? FAAS? £ 2AA5)?,LA_}
=Vu(p) +E [5Ym + 2 52 + AAS% 4+ 20AX A } (A.4)
Vo (70) + E[(2AA8, 5, 0) ]+ %52 — AAG?
= V(i) + (2AA6,6,0) + 2 52 AAG2,

where X' follows the distribution . Let us now make the ansatz
Vo(u) = Var(u)(An) + ' Bufi + Dy i+ Fy, (A.5)

where for each n, A,, B, € S?, D,, € R? and F,, € R are to be determined. Along with equation (A.4)
the ansatz yields that

E[XTA4,X] — E[XT|A,E[X] + E[X | B,E[X] + D, E[X] + F,
—E [)?TA,L;?} E[XT]A,E[X] + E[XT|B,E[X] + D] E[X] + F

+ (2AAS, 5, 0)7 + %52 ~AAG.
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Dividing by § on both sides and letting 6 — 0, we get that
1 1
(_1a Y2, O)Bnﬂ + §D7—’Lr(_1’ Y2, O)T + ()‘Aa ia O)E =0.
The fact that this equation needs to hold for all i suggests that the coefficients multiplying the entries
of the vector 7z are all equal to zero and so are the entries of the second summand. This yields that

— Bpj1 +72Bpo1 +AA =0

Loy

2 (A.6)
— Bn13+72Br23 =0

— Dy 472Dy 2 =0.

— B2 +72Bn 22 +

We conjecture that the entries of the matrix A,, satisfy the same equations as those of B,,, i.e.

- An,ll + '72An,21 + AA =0
1 J—
5=
— Ap1z + 724023 =0.

— Ap12 + 724022 + 0 (A7)

From the equations (A.3) and (A.5), we will derive recursive equations for the coefficients A, B,, Dy,
and F;, from which we will then derive the candidate continuous time dynamics.

A.1.2 The optimal strategy for the discrete time model

To derive the desired recursion, we first need to determine the candidate optimal strategy for the discrete
time model. To this end, we first use (A.1) and (A.2) to conclude that

X(n+1)A— —E [X(n-‘rl)A—] =A (XnA— - E[XnA—D +B (fn - E[ﬁn]) + Den,+1- (AS)
Hence,
Var(Po (5015 ) (Ans)

=E {(Xffim_ -E [X((r?l-l)A—} )T At <X<n+1>Af -k [X((f)ﬂm_} )}
= B[{A (s~ B ) + B (6~ Bleal) + Denir | Avss
{A(Xua- —E[Xua]) + B (€0 — El&a)) + Densa
= E[{A (s ~ElXs )+ B (6~ Bleal) | A {A (s~ EfXas ) + B (& ~ Elea]) ]

+ADT A, D.

Moreover,

o p©-1 —— =

Pox L =E [X{?H)AJ — (A + A+ (B+B)E[] +C.
From the ansatz (A.5) we get that

Vot (P °© X((Sl;)lA—)

— E|{A (Xus- —70) + B (€~ Elg)) }TAW{A (Xns— —T0) + B(E—E[g]) }]
+ADTA, D+ {(A + A+ (B+B)E[ + c}TBnH{(A + A+ (B+B)E[] + C}

+DZ+1{(A+Z)ﬁ+ (B + B)E[¢] +C} + Fpy1.
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Thus, the DPP (A.3) implies that
Vilp) = n&lf {IE [LTXA—&+RE + X A_QaXna—]

+E[{A@s 1)+ BE-BlE) } Ann{A(Xs- — ) + B~ ElE) }] + ADT 41D
+ {(A + A+ (B+ B)E[¢] + C}TBW{(A + A)fi + (B + B)E[¢] + c}
+ DI+1{(A + A)i + (B+ B)E[¢] + C} + Fn+1}

= irglfj(g).

Let £* be the candidate optimal strategy and let §~ be an arbitrary strategy. Then

J(E +e€) - T(E) = EE{NXnA_é +2RE"E
+2(Aa- 7 +BE ~EE) AnoBE - E[E)
+ 2((A + A)u+ (B+ B)E[¢*] + C)TBn+1(B + B)E[¢]
+D (B + B)]E[g]} +0(e?)
_ EE{ [LTX,LA_ L ORE 4 2(,4(2(%_ @)+ B — E[g*]))TAnHB
+2((A+ A+ (B+B)EE"] + C)TBn+1(B +B) + Dy (B + B)}E}
+ 0(?).
Since liminf, o ZE+O=TE) > § for any &, we conclude that

£ Xurm +2RE +2(A(Xam —7) + BE ~EIED) AuiB

+2((A + A+ (B + B)E[¢"] +c)TBn+1(B + B) (A.9)

+ D, (B+B)
=0.

Taking expectations on both sides of (A.9), we get that

-1
E[¢*] = — {2R +2(B+B)"Bny1(B+ B)} {ET +2(B+B)"Bpy1(A+ A)}u
) (A.10)
— {273 +2(B+B)"B,1(B+ B)} {ZCTBn+1(B +B)+ D, ,(B+ B)}.
Combining (A.9) and (A.10) yields that
& —E[¢] = —{272 + 2BTAH+1B}_1 (LT +2BT A1 A) (Xpas — 7). (A.11)
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and from (A.10) and (A.11) we have that
£ = {2R + 2BTAn+1B}71 (LT +2BT 411 A) (Xpa_ — i)
- {2R +2(B+B)"Bny1(B+ B)}I{N +2(B+B)"Bpyi(A+ A)}u
- {272 +2(B+B)"B,1(B+ B)}_l{chBnH(B +B)+ D, (B + B)}.

In terms of the notation

in=R+B"A, 1B, an= R+ (B+B)" B, 1(B+B),
1 1 _ _
I :55 + BT Api1 A, 15 = §£T +(B+B) By (A+ A), (A.12)
_ 1 _
IP =C"B,,1(B+B)+ §DL1(3 + B),

the optimal strategy at time nA as a function of the initial state X,,o_ can be written as

A IB [D
& =6 (Xnas) = — = (Xpa- — ) — ai* — ai (A.13)

A.2 Heuristic derivation of (A, B;, D, F})

To obtain the continuous time dynamics of the coefficient processes (A, B, D, F') we are now going to
derive a recursive dynamics for the processes A,,, By, D, and F),, and then formal derivatives.

Taking the equation (A.13) back into the cost function J(-) we get that

T(&) = E{ LT (Xuam — )& + LTAE +R(E)? + (Xns— —T0) Qa(Xua— — 7)) + 71" QaTi}
+ E{ (Y- — 1) AT At AXuss = 1) + 2(Xoa- — 1) AT Ani BE — E[E))
+ BT A1 B(E, — E[E])* + ADT 4,1, }
+i A+ A) By (A+ A+ 20" (A+ A) ' B,y (B + B)E[E]
+2(B+B)" B, 1CE[&;] + (B+ B) " B,11(B+ B)E[¢)?
+2i" (A+A)"'B,1C+C"B,1C
+ Dy (A+ A+ D, (B+B)E[ES] + D, 1C+ Frya
= Var(u) (Qa + AT Auir A = ()T, 1) + 77 (Qa + (A+ A)T Buya (A+ A) — (1) o 17 )
+ ( — 24 TPIP 4 (2CT By + DI+1)(A+71))ﬁ
(1))

- AD"Ap 1D +C  Byy1C+ Dy C 4 Frs.

Comparing the coefficients of Var(u)(---), ' (--- )7, (-- - ) and the remaining terms respectively, we see
that A,,, B,, D, and F,, satisfy the following recursive equations:

Ap=0a+ AT Ay A—(INTa 1A,
B,=0OA+(A+A) By (A+A) — (I5) a, 15,

Dy = =24, IPT7 + (2C Buy1 + D) (A + A), (A.14)
(17?)2 T T T
F’n, = — ?+AD An+1D+C Bn+1C+Dn+1C+F’n+1-
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Let (A, B, D, F) be the formal limit of (A, By, Dy, Fy,) as A — 0. Using (A.6) and (A.7), the driver of

(A, B, D, F) is formally obtained by taking the limit

d - d
lim %, ®=A,B,D,F.
In terms of the notation
7 Z 1B -«
J =y A +pdis, T =yA + 72433, T = —pAis + %,
- . nB-a) o
JB =41 Bi1 + B3, JP =DBis+72Bss, JP=—pBis+ %7 JP =—pBi1 + 27
JP =Dy + 49Dy, JP = —pD;i — anElxo),
we obtain
e the following matrix-valued ODE for A:
0 -t e
dAe _ Aue 241072 _poa g I
T Y2 V3 A v vt v2
_B-agA _B-agA | I _2(B=) JA
72 Ji V3 Ji+ " 72 Ji
.
1 —pAi1:— A —pAi1— A
A11t A1t
- P, tp —p—, tp
A + Y20 704% 704%
“/1(% ) — pAisy “/1(&2 ) — pAisy (A.15)
A0 O
+10 0 O
0 0 O
¥ 10
Ar=|3 0 0],
0O 0 O
e the following matrix-valued Riccati equation for B:
. —22 P I
B o . A e -
e el B Lt e e S e/
ey age tpgoage Do
) 2P —JP A 2P —JP A !
a 7B 1 jB —a a 7B 1 jB —a
T | I e | | o U e
B a 1B B a 1B

A 00
+10 0 0
0 0 0
%50
Br=|3 0 0f,
0 0 0
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e the following vector-valued ODE for D:

QaIE[mU]JtB _ thD
_4b, _ 720‘%}0]JF + Eth
dt Y2 . V2
20E[z0) 7B _ f—a 1D
et et
. 2 JB 4+ TP =
« v v
e (SR | I A (A17)
+Y2p —av \ 72 giB+jf
Y2
0
‘DT = 0 5
0

e and the following BSDE for F"

24114 — D
—dF, = {afll’tQ 02 + am E[xo) Lty aE[zo]Ds
273 Y2
1 Dy, 2 » (A.18)
_ —avE — : D dt — Z; dW,
4()\+72P—a’Y1)< Bl ¥ (ra=nap) T e 3’t) o

Fr =0.

In view of (A.6) and (A.7) the above systems reduce to (2.6)-(2.9).

A.3 Heuristic derivation of the optimal strategy in continuous time

In this section, we construct a continuous-time candidate optimal strategy by taking limits of the discrete
time model. Intuitively, and in view of the results established in [28, 29] we expect the optimal strategy
to jump only at the initial and the terminal time, and to follow an SDE on the open interval (0,7).

A.3.1 The jumps

The final jump size is X7_ in order to close the open position at T. To determine the initial jump we
first deduce from (A.12) that

an = AN+ 72p) + O(A?),
an = A+ py2 — am) + O(A?),

=a (—<pAn,nA 2+ 0(8), (0= £222) 1 0(8), (M= — parg0) + 0<A>) |

(52 = p)Biina + aBizna — A+ 53+ + O(A)

ayy — Bis.n «@
IB = A VlwngpBll,nA + aéféA +p- WE +0(A) )
7y1('827a) + (11 — ’}’2,0)1737’2"A + aBszna + O(A)
— ADs,
NG (Ll o] Gl A N2 XSO
2 272 2
Thus, letting nA =t and n — oo in (A.13), we see that
g
. L I O
& = _ET(XTLA__M)_LTM_LT
n n n (A.19)
A IB ID
- — (X —p) - - = AZ,



where

a=y2p+ A, a="yp—ra+tA
-
—PA11 - ! SLLLBy + a313 — A+t
A A11 B __ Ot’Yl ’YzPB avi
1" = sl P +f’ , I = o5 1+ a4 p— gl ; (A.20)
— pAis P+ (e — 72/)) 212 + o Bsg
am D1 (0%
P =——"E — — + —Ds.
5 [zo] + (v100 — 72p) s +5Ds

The limit AZ; in (A.19) is the candidate initial jump when starting with a position X;_ at time ¢t € [0, 7).

A.3.2 The candidate strategy on (¢,7T).

Next, we derive recursive dynamics for the discrete-time optimal strategy from which we deduce a
candidate optimal continuous-time strategy. The strategy at time (n 4+ 1)A satisfies

§:+1 (X(n+1)A—)

A B D
In+l In+1 InJrl

= — X, _ —ElX _ E|X, _
. (XA [Xnta-]) — - [Xnta-] — —
IA
= — LU (Xuam —ElXas)) + B (& — EIE) + Denn }
Ap+1
IB _ _ 1P
— 2 (A + A)E[Xoa ] + (B + B)Eg) +Cf — L
Ap 41 Ap41
IA IB ID
— _ ntl (Xpa- —E[X,a_]) — LH]E[XM_] _ Intl
an+1 An 41 Gp41
A IB A B
— ML (& — Bl6r]) — EKEE] — 2 Dengy — —EC
Ap41 Ap+41 Gn41 An+41

I I =
— (A = Ix3) (Xna- — E[Xna-]) — (A+ A = I33)E[X,a-]

An1 An+1
_ I’r?—i—l In—i—l *
= (B-K) (& —El&]) - (B+B - K)E[&;],
n+1 An+1

where 343 is the identity matrix of order 3. In view of (A.13) the first line in the third equality equals
&n1(Xpa—). Thus,

fZH(X(nH)A )

_ ex I,;?+1 _ * IT?+1 _ I;L4+l 11113+1
=& (Xna) — K (& —El5)]) — ——KE[§] — = Deny1 — ¢
an+ An 41 An 41 An 41
I;?Jrl Ir?Jrl T *
- (A = I3x3) (Xpa- + K&, — E[X,a— + KE]) — (A+ A — I3x3)E[X A + K&
anJrl an+1
I;?—i—l * *
anJrl (B K- (A - I3><3)IC) (gn - ]E[fn])
IB+1 » _
- a"—H(B +B—-K—-(A+A - Ly3)KEE].

Direct computations show that

MK =ap, IP K =ani,
LK = dng, LYK = any,
B—K — (A~ I3x3)K = 03x1,
B+B—-K—(A+A—Iy3)K = 0341,

(A.21)
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where 031 is 3 X 1 vector with zero entries. Hence we have that

5:;4-1 (X(n—i-l)A—)
:f;;-i-l( nA+ = ’Cf) f ( nAJr_’Cg ) (Az)

A 1 B 1 — B 1
— (A = Iixs) (Xpat — E[Xay]) — 25 (A + A = I53)E[Xaq] — —2F
Gn41 Ap+41 An+1

A
_ In+1

¢ (A.22)

Z)En—i-l
an+1

;= [+ 1T + I,

where we use XnA+ to denote the state at nA after £ is implemented. Let Z be the candidate optimal
strategy, and let 5Z(n+1)A =& 1 (Xne1)a—)- (A.22) can be written as

~ I+ IT I,
5Z(n+1)A = ( A )A - &n+1 D6n+1.

This suggests to study the limit of % and limit of HA—H as A — 0. By (A.13), we have that

E :§;+1( nA+ T Kgn) gn( nA+ T IC&:) + O(AZ)
A A A
-1 *
- = TM ( nA+ — Ian [ nA+ T ,an])
L L) (- - Bl - K8
A &n+1 &n nA-+ nA+ (A23)
Iﬁrl — If IB 1 1 .
- g - kel - 2 (- L) Bl - K6l
LI 21 1) oW
Aap i1 A \ant1  an A

Since Ap41, Gn, Gnt1, an = O(A), we get that

Qn41 — Qnp _ A1 nt1 — Alin 2A11,t
A3 P A P
Ani1 = Gn _ (vie — ¥2p)? Bi1.nt1 — Biin n 2a(y1ee — v2p) Bignt1 — Bisn Lo B33 11 — B33
A3 o A Yo A A
N — Y2p 20(niax — 72p
gBll,t + QB 13,t T & B33 ts
’Yz Y2
from which we deduce that
~1 —;:—&T+lidn:—~A2~ .dn+13_&nA—)O,
Gp41 Gnp Up410n Up410n A
L1 e A s N )
Gp41 Gnp Up410n Gp410n A

Furthermore, we have that

A —INK Attns1 — Arin ‘
( +1A3 ) :p2 11, JrlA 11, _>p2A11,t

(P —IP)K _ (ne—72p)* Biin1 — Buiw n 2a(y1a —y2p) Bizny1 — Bizn g B33 n+1 — Basn
A3 Y2 A Yo A A
2
_ ) 2 - .
(710é 272P) Bll,t + CY(%CY 72P)B
72 72

)
— 13t + " B33 ;.
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Altogether, we conclude that

s 1P 1P
— - L (% —E[X]) - LEx] - L.

a

| =

The limit of % as A — 0 reads

m 1 I
—=— -———(A-1IL Xoat — E[A,
A A ( dn+1 (A 3><3) ( A+ [ A+])

Irl?—&-l - If—i-l
LA 4 A L) E[Xas] —
Ap+1 Ap+1

It

— — (X~ E[A]) - % ((H + H)E[X,] + Q).

Moreover, heuristically,

I IA
I = — " De, g — —-L-D, dW;.
Ap+41 a

Combining the above limits we obtain the candidate trading strategy on (¢,T):

- A B D A
—dXs=dZs = <_If(Xs - ]E[Xs]) - IL [Xs] - Ii - I% (Xs - E[Xs])
a a a
B _ 1A
—ﬁ((H + H)E[X;] + g)) ds — %DS dW,.
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