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Abstract

In this paper, we establish existence and uniqueness results for equilibria in systems with an infinite
number of agents and with local and global social interactions. We also examine the structure of the
equilibrium distribution and derive a “Markov”property for the equilibrium distribution of a class of
spatially homogeneous systems.
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1. Introduction and overview

A common problem in the social sciences is the observation of large differences in
outcomes in the absence of corresponding differences in fundamentals. To accommodate
such phenomena a model must necessarily produce a big “multiplier” that transforms small
changes in exogenous variables into large changes in endogenous variables. Models of
social interactions are capable of displaying large multipliers. In these models an agent’s
behavior depends, among other things, on choices of other agents in a reference group
and/or on the expectations that the agent has of the behavior of other agents. If the marginal
utility of undertaking an action increases as other agents undertake more of the same action,
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a change in fundamentals has a direct effect on behavior and an indirect effect that are of
the same sign. If the indirect effect is significant enough, we obtain a large multiplier that
may explain radically different outcomes from slightly distinct fundamentals.

This property of models of social interactions has resulted in a large literature that uses
these models to explain economic and social behavior. Examples include the prevalence of
segregatioif31,32], the adoption of religions [2], business cycles [6], economic growth [7],
the variance of crime rates across space [17], technology adoption [9] or price fluctuations
in financial markets [15,22].

These papers and much of the literature on social interactions assume very special in-
teraction structures. However, [18] contains existence and uniqueness of equilibria results
for a class of models of social interactions with a finite number of agents with fairly gen-
eral interaction structure. Existence and uniqueness results have also been established for
“large” systems of social interactions where agents care only about some weighted average
behavior of all other agents; see, e.g., [4,5,18] or [27]. Interaction games with an infinite
number of players in which each player interacts with a finite number of neighbors, but
interactions are otherwise general, are discussed in [29,30]. Nonetheless there is a scarcity
of results concerning “large” systems with arbitrary local and global interactions.

In many examples in the literature agents care about the average behavior throughout the
population. In these cases, the analysis is more naturally done in the context of an infinity of
agents! In other examples an agent’s utility is affected by the choices of some particular
nearby agents. In this paper we consider systems with general interaction structures. Agents
interact locally with a set of other agents, their “neighbors,” and globally with the whole
population. The local interactions are expressed by the fact that an agent’s utility is affected
by the choices of his neighbors. An agent’s utility also depends on the empirical distribution
of actions across the entire population, reflecting global interactions. This distinction is
unnecessary for finite systems, but plays an important role in the analysis of systems with
an infinite number of agents.

The systems of social interactions in this paper have random interaction structures and
random taste distributions. Individuals choose actions after the realizations of these random
variables. As in [17] or [25] an agent’s utility is a function of the actual actions chosen by
their neighbors, but here utility can also be affected by the distribution of actions throughout
the population.

For systems with an infinite number of agents, the question of existence of equilibrium
involves two sets of issues. The continuity of an agent’s utility function with respect to the
vector of actions by all other agents in the appropriate topology requires implicitly, as we
argue in Section 2, that the dependence of his utility function on another agent’s action
decays sufficiently fast as the distance to that other agent grows. When all interactions are
local the continuity of the utility functions together with the standard convexity assumptions
suffice. For infinite systems in which global interactions are present the analysis is more
delicate. In fact, a good portion of this paper is dedicated to establishing existence and
unigueness results for a class of infinite systems with both local and global interactions. If
some form of spatial homogeneity prevails, we establish sufficient conditions that insure the

1systems with an infinity of agents can also be seen as limits of large finite systems. For formal results
establishing this connection sg3].
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existence or uniqueness of equilibria. These conditions restrict the influence of an agent’s
choices on the optimal decisions of other agents, and are variations on the moderate social
influence (MSI) assumption that was used by Glaeser and Scheinkrfi8] to establish
uniqueness of equilibrium for finite systems. For some special cases, we translate these
requirements into assumptions on the utility functions. A short description of our approach
to the existence and uniqueness question is given at the beginning of Section 4.1.

We also study the structure of the equilibrium distribution and show that if the interactions
are only local and with a maximum radit, and all shocks are independent and identically
distributed, then the law of the equilibrium profile is Markov of ordéf Zhat is knowledge
of the actions taken by agents that are further thfre@vay does not help predict the action
of an agentif one already knows the actions of all agents that are at Mastay. A simple
example shows that the law of the equilibrium profile is not, in general, Markov of order
M. This example shows that the distributions of equilibrium action profilastspecified
by the family of individual best response functions. Observations of the choices of agents
that are not neighbors afcan help predict the choice of action byFor systems with both
local and global interactions one cannot hope for a Markov property. However a Markov
property holds conditional on the empirical distribution of actions.

The rest of the paper proceeds as follows. In Section 2 we define formally the systems of
social interactions that we will consider. Section 3 shows that our framework includes many
well known examples in the literature. Section 4 contains the main results. The structure of
the equilibria is studied in Section 5. All proofs appear in appendices.

2. Systems of random social interactions

In this section, we define systems of random social interactions. Each agent is indexed
by ana € A, whereA is a subset of the latticg? of d-dimensional vectors with integer
entries. An agent will choose an actiafi from a common compact and convex set of
possible actionX. An action profilex € § := {x = {xP}pen 1 xP € X} is a list of actions
xb for eachh e A. The configuration spac®of all action profiles is equipped with the
product topology, and hence it is compact. In our model the utility fundtiof the agent
a € A may also depend on the actions chosen by other agenta. In addition, the utility
function of each agent is random, that is, it also depends on the realization of a random
variable’* defined on a probability spa¢®, F, P). In short, agen&’s utility is given by
U (x5 ptar 9.

In models of social interactions, the influence of other agents’ actions appear in at least
two distinct ways. The first is the impact of the actions of a particular set of “neighbors.”
Another is through a statistic, often the average action, of the distribution of actions of
all agents. We call the former thecal component of social interactions and the latter the
globalcomponent. To be able to describe these distinct influences, and to allow for variable
degrees of influence on the utility of an agent by the choices of his neighbors, we write
94 = (J9, 0%), for each agent € A. The random variablé® describes a taste shock and
assumes values in a 98t The random variabld¢ = (J“’b)b#, takes values in the set
2 := RO, The realization of the random variahlé-? defines the effect the choice of
the neighboib # a has on the utility of the agent € A. To accommodate the global
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component, the utility function also depends on the empirical distribytioin associated
with the action profilec. More precisely the utility function of each agent is a (measurable)
mapping

(x, J9, 0 > U Ax Yo, T, 07) = 1 (¢ 1T x Yt 0(2), 09). @

The representation of the utility function given by E#)) {s not necessarily unique, and at
this pointitis only useful as an interpretation of the interaction patterns of a system. We will
see later, that for infinite systems, regularity (continuity) will require that the dependency of
an agent’s utility on other agents’ actions decays fast enough as a function of the distance,
and so it will place some restrictions on the random varialdfesn addition, in the infinite
case, notall profiles have an associated empirical distribution. We will deal with this problem
below.

We call

N(a) := {b €A Job £ 0}

thereference groupor the set of neighborsf the agent. If b ¢ N (a) then the action of
agenbinfluences agergchoices only through its impact on the distributigiv). Different
realizations of the random variabld$ may yield different peer groups, and so different
interaction patterns may emerge. This makes our approach considerably more general than
the usual “nearest neighbor” and “mean field” interaction setups studied [ 4%9,24,27].

The following example illustrate the concept of a random peer group.

Example 1. To each ageni € A associate the “a-priori neighborhood”
N(@) ={beA:jla—b<M)NA  ({eN),

i.e., a set of “candidates” that the agemhay interact with. Thectualpeer groupV (a) of
agentais the random subset &f (a) defined by

N(a):={beA:J*’ =1},

where(J“-b)bGN(a) are independent random variables taking the values “1” and “0” with
probabilityp and 1— p, respectively.

The general definition of a utility function given in EdL)(is not very convenient for
establishing the existence of an equilibrium in systems of social interactions. This is a con-
sequence of the fact that a proof of existence of an equilibrium typically requires continuity
of the utility functions and compactness of the configuration sjgate many interesting
examples, the configuratiane S enters the utility function of an agemte A both through
the actions:” taken by a finite set of neighbabse N (a) and via the distribution of behavior
throughout the entire population. In case of an infinite number of aggistspmpact in the
product topology, but if the utility function® in Eq. (1) depends oxthrough the empirical
distributiong(x) in a non-trivial manner, it is not a continuous functiorxot In addition, a

2 since the class of continuous functiofis S — R which depend only on finitely many coordinates is dense
in the space(S) of all continuous functions of equipped with the topology of uniform convergence, a map
f € C(S) depends on an action profilec S, at least approximately, only through finitely many actiafis In
particular, the dependence ofi has to decay fast enoughlas> co.
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configuratiorx does not necessarily have an empirical distribution. To solve these problems
we apply a procedure introduced in Follmer and Hftd] and Horst [21] and previously
applied in [22] to study stock price fluctuations in a microstructure model for financial mar-
kets. We separate thecal and theglobalimpact of an action profile = {x*},ca € S on
an agent’s utility and view the empirical distributieix) of individual actions associated
with x € S as a parameter of the utility function. In this way we view the utility function
u® as depending on an additional argument.

In order to make this more precise, we denoteMiyX) the class of all probability mea-
sures orX. The spaceéV(X) is compact with respect to the topology of weak convergehce.
In a system of social interactions, the utility function of an the ageatA is defined as a
mapU? : S x M(X) x Ex ® — R, and required to be continuous in the product topology.
This utility function will be assumed to be of the form given by (1) above, that is:

Ua(xa’ {xb}b;ﬁ(h Q9 Jav Ha) = ua(-xaa {Ja’h-xh}b#u’ \Q’ 00) (2)

Notice that, in principle, there is no consistency requirement between the§ and the
“empirical distribution”o on X, and in particular it is not necessary that we can associate
an empirical distribution to the profile. In equilibrium, we will require consistency.

We simplify our notation fixing the probability spa¢®, 7, P), making the canonical
choice(Q, F, P) = ((E x ©)”, B(E x ®”, P) whereB(E x ®) denotes the Boret-
field onE x ®. Once the set of agenfs is fixed, all variations are coded in the probability
distributionP, and we are now ready to introduce our definition of systems of random social
interactions.

Definition 2. A system of random social interactions is a vector
E=(A,P, X, (U"en)
with the following components:

(i) A c 7%is a set of agents.
(i) Pis a probability measure oif2, F).
(i) X c R is a common compact convex action space.
(iv) U?: S x M(X) x Ex ® — Risameasurable mapping such tHttfolds and such
that for[P-a.e. pain(J, 0), the map

(x,0) = U (x*, (x"Ypzas 0, T4, 0%)

is continuous and concave iff; the utility function of agent € A.

Our notion of a random system of social interactions includes systems with finitely many
agents. There are also cases in which the utility of the agents can be defiremhimaous

SA sequencéy, }ren Of probability measures converges weaklytte M (X) if and only if

lim / £, dx) = / Fu(dx)
— 00 X X

for all continuous functiong : X — R.
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manner without dependence on the argumerthe distribution of actions. If the system
has a representation satisfying all conditions of Definipin which the utility functions
do not depend op, we will say that the system jzurely local.

MoreoverU“(-, g, J¢, 6%) is continuous orSif and only if an agent’s utility depends
continuously on the actior(st}b;ta taken by all the other agents and if, in addition, the
dependence ot/ on the actionx” taken by the agent decays sufficiently fast. In
this sense continuity of the utility function translates into an assumption on the interaction
patterns. This justifies our earlier claim that what we call the local component of interactions
has to decay fast enough.

It should be emphasized that feqguilibrium analysis it is equivalent to use a utility
function that depends only on the action profileor to use the “extendedtontinuous
utility function that involves the variablgs;, ¢) since, in equilibrium, we will require that
0 equals the empirical distribution of the action profile

3. Examples

In this section we show how our definition of a homogeneous random systems of social
interactions fits into the frameworks analyzed in [19,4,13], respectively. To this end, we
denote by

m(Q) ::/xg(x) 3
X

the expected action associated to the meagurean infinite systems (¢) turns out to be
the average action associated to an equilibrium action profile.

3.1. Mean-field systems

In mean field systentke utility an agent enjoys depends on the actions taken by other
agents only through the empirical distribution of all actions—all interactions are global. In
our setup it is natural to use the following definition:

Definition 3. £ is amean-field systeihfor eacha € A

,0,0.

Ua(xa’ {xb}b7&aa 0, Je, 011) — Ua(xa

Example 4. Continuous action versions of the models studief#i8] may be viewed as
mean-field systems in the sense of Definition 3. These papers treat systems with finitely
many agents and assume that an agents’ utility function is, in our notation, of the form

1
U (x%, 0, 0%) = u(x®) + Al D xEax” 4 £ (x4, 09, 4)
beA

4 See Footnot& above.

5The results in29] require the stronger assumption that each agent interacts only with a finite number of
neighbors.
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where F,x” denotes the expectation of agenabout the behavior of agent € A. In
particular, an agents’ utility does not depend on dlcionstaken by his neighbors, but

only on his expectation about their behavior. Brock and Durlauf arg(#] ithat in their
spatially homogeneous setup, in equilibrium, all agents share the same expectations about
the behavior of their neighbors. This means that, in equilibritym? = m for somem € X

and for alla, b € A. Thus, for|A| — oo, the system with the alternative utility function

U(x“, 0,0") = u(x®) + xm(o) + f(x*, 0 %)

has equilibria that contain all equilibria of the original system. Hence|dd¢r— oo any
property that is true for equilibria of systems of random social interactions with utilities of
the form given in Eq.5), holds automatically for systems with utility functions described

by Eq. (4).
3.2. Folimer's model of endogenous preference formation

Follmer’s pioneering examination tfing economiefl3] with endogenous preferences
can be fit into our description of a mean-field system.@®et {—1, 1}, assume agents can
choose an actiom € X = [—1, 1], and that

U%(x, 0, 0%) = x“0°. (6)

The linear form of the utility function guarantees that each agent will always choese

{—1, 1}, and as iff13] we may interpret the taste shock as defining the preference for one of
two possible consumption goods. Agents are indexed by the two-dimensional integer lattice
and interact with their nearest neighbor. Thaf¥s” = 1 for max.—1 » |[a* — b*| = 1, and

J? = 0 otherwise. The preferences of an agent A depend in a random manner on

the preferences of his neighbors. More precisely, fix a local specification, i.e., a family of
stochastic kernelgt®),.a from ®* to ®. These stochastic kernels describe the conditional
probability of an agent’s taste sho@kconditional on the taste shocks of his four nei%hbors,
that isn? = n%(; {Bb}beN(a)). Follmer calls a measureon the configuration spad@™ a

global phase it is consistent with the local specification®),ca in the sense that

1 {0 pen@) = i {0 pen@)  p-as. )

and assumes the random variablis distributed according to some global phas&here
is an interactive structure in the distribution of the random preferences, but the utility of an
agent does not depend on the actions taken by his neighbors.

3.3. Models with local and global interaction
The next example exhibits both local and global interaction.
Example 5. This is a generalization of the model studie(tifl)]. HereX = [—1, 1] and the

interaction patternis as in Example 1 above. Preference shocks are described by independent
and identically distributed random variablés (¢ ¢ A on R). Fix positive constantp,
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f1andps, f1+ o < 1, and let
1— B, —
Ua(xas {xb}b#lh 0, Jav Ha) = _M(-xa

5 — %(x“ —m(0))?

2

B2 1 b b
) x“—M Z J4Px — (0* — p)x*.
beN (a)
In particular, an agent’s utility depends on the actiohsgaken by his neighbors € N (a)
only through a suitably weighted average action, and so the impact of an individual agents’
action on the utility of his neighbor tends to zeroMs— oo.

The following example shows how our model can accommodate the framework consid-
ered in[8,24].

Example 6. Let X = [—1,1] andN(a) = {b # a : |a — b|<M}. The random variables
J4b e [=1,1]and®” (a € A, b € N(a)) are independent and identically distributed. Let
f > 0andB > 0, and

U (x4, {xb}b#a, 0,J%, 0 =xp Z J@bxb 4+ Bxm(o) + %xaﬁa. (8)
beN (a)
The random variables®? specify the effect of an increase in the action by a neigbtmor
the marginal utility of an agenta own action. In contrast to the utility function given by
Eqg. @), in this example the utility of an agent depends on the actions taken by his neighbors
and not on his expectation about his neighbors actions.

4. Equilibria in systems with random social interactions

In this section we state results on existence and uniqueness of equilibria in systems of
random social interactions, present some examples and an informal discussion of social
multipliers. As usual, an equilibrium will be defined as a random configuration of actions
where no agent can increase his own utility by deviating from the proposed action profile.
In addition, if an agent’s utility function depends directly on the empirical distribution of
actions, the empirical distribution of equilibrium actions must coincide (almost surely) with
the empirical distribution used by all agents when choosing their optimal action.

Definition 7. A random variableg(J, 0) = {g%(J, 0)},ca is anequilibrium for £ =
(A, P, X, (U%ygen) if:

(i) When¢ is not purely local, the empirical distribution associated with the action profile
g(J, 0) exists almost surely, i.e., the weak limit

lim 1
n—oo |A,|

> S0 = (J. 0) )

aeA

exists almost surely for some random variabld, 0) € M (X) along the increasing
sequence of finite setd,, := [—n,n]? N A 1 A,



U. Horst, J.A. Scheinkman / Journal of Economic Thasryam) 1i—in 9

(i) No agent has an incentive to deviate from the proposed strategy. That is, almost surely
g9(J, 0) € argmaxacy U (x%, {g°(J, DYpza, 0(J, 0), J*, 0%) (a € A). (10)

The requirement that the empirical distribution associated with an equilibrium exists is
not imposed on purely local systems. However, as we will see in Theb@dmelow, in the
equilibrium of some purely local systems the empirical distribution of actions does exist.

4.1. Existence of equilibria in random systems of social interactions

Inthis section, we present existence and uniqueness results. All proofs are in Appendix A.
Ifinteractions are purely local, existence follows from the assumed continuity and concavity
of the utility function, and the compactness and convexity of the action sfacta a
standard fixed-point argument (see Proposition 13). Recall however that, in the case of an
infinite number of agents, the continuity of the utility functions already imposes a decay rate
on the strength of interactions. When agents interact both in a local and in a global manner,
we have the extra requirement that, in equilibrium, the agents’ forecast of the empirical
distribution of choices must equal the actual distribution of actions. In this instance, the
question of existence is more delicate and requires additional assumptions.

Unless some form of spatial homogeneity prevails, there is no reason to expect that the
empirical distribution associated with the equilibrium actions exists. For this reason, when
global interactions are present, we will consider only homogeneous systems, as in Definition
8 below. In addition, homogeneous systems can be written as “mixtures” of ergodic systems
and as a consequence the analysis of equilibria of homogeneous systems can be reduced to
that of ergodic systems (see Proposition 11).

We separate the existence questions in two parts. First we fix the global distribution of
actionsp that agents anticipate and look for a configuration of actianavhich each agent
ais maximizing his utility atc? given the action of all other ager{tsb}b#a, and the antic-
ipated distribution of actiong. We call such a configuration a microscopic equilibrium. In
a microscopic equilibrium the empirical distribution of the actiafisnay not even exist.

A microscopic equilibrium with an anticipated global distributi@his an equilibrium ifo*

is the empirical distribution of the action$. Even for non-homogeneous systems, for any
giveny, microscopic equilibria always exist under our assumptions and this establishes, in
particular, the existence of an equilibrium for purely local systems (Proposition 13). How-
ever this microscopic equilibrium need not be spatially homogeneous even if the system of
social interactions is ergodic, and hence the empirical distribution of equilibrium actions
may fail to exist. Proposition 15 establishes that homogeneity follows if the microscopic
equilibriais unique for a given anticipated empirical distributioio establish this unique-

ness we need to bound the strength of interactions. Once the uniqueness of microscopic
equilibria is guaranteed, the same bounds on the strengths of interactions are used to show
that the microscopic equilibria vary continuously with the anticipated distribution of actions

0, and again a fixed point argument is used to produce an equilibrium for the system of
social interactions.

We use two related assumptions that limit the influence of both the actions of other agents
and the anticipated empirical distribution of actions on the choices of an agent. The first,
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MSI (Definition 17), must hold for every realization ¢f, 0). Moderate social interactions
suffice for the existence of a unique, and hence homogeneous, microscopic equilibria for any
given anticipated distribution (Proposition 18). Theorem 19 establishes that for ergodic
systems that satisfy the MSI condition, there exists a spatially homogeneous equilibrium
whose associated empirical distribution is almost surely independent of the realization
of the random shocks. Furthermore, a strengthening of the MSI assumption guarantees
uniqueness of equilibria. The second set of bounds on the strength of interaatiersge
moderate social influend@®MSI) (Definition 22) must only hold in expected value. For
systems with one-sided interactions (see Definition 20) AMSI suffices to establish existence
of equilibrium (see Proposition 23 and Theorem 24). Again uniqueness follows form a
stronger version of the AMSI assumption.

4.1.1. Homogeneous random systems

In a homogeneous random system the utilities that agents enjoy are invariant under the
simultaneous shifts of agents, their private taste shocks and interaction profiles. In particular,
homogeneity rules out the existence of a single agent that always serves as a leader for all
others. To precise the notion of a homogeneous system, we recal{Xhat P) denotes
the canonical probability space, and introduce the shift transformafitekefined by

T4, 0) = T(I", 0 hpep) i= {07 Deen, 0070} =i (190, 790).
beA

Definition 8. £ = (A, P, X, (U%),ea) IS homogeneous ifA = 7% and:

(i) There exists a measurable mappiig S x M(X) x E x ® — R such that for all
aeA

U (X Vpar 0. 7% 0°) = U, (x")par 0. T T, T0). (11)
(i) The distribution of the random variablg, 0) = {(J¢, 0%)},ca is Stationary i.e.,
P[(J,0) € Bl = P[T*(J, 0) € B]

for all a € A and for each measurable gete F.

For a homogeneous system it is natural to search for an equilibrium that also displays
homogeneity, that is where the equilibrium actions are invariant under the simultaneous
shift of agents, their private taste shocks and interaction profiles.

Definition 9. An action profile{x“(J, 0)},ea is homogeneoui
x0T, T90) = x°(J, 0)

for eacha € 7. An equilibrium configuratiorg(J, 0) is homogeneou# g(J, ) is an
homogeneous action profile.

Besides its natural appeal in the case of homogeneous systems, it turns out that homoge-
neous action profiles guarantee the existence of empirical distributions that is required to
test the equilibrium condition given by EQ)(in Definition 7.
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4.1.2. Ergodic random systems
Homogeneous system can be written as “convex-combinations” of systems with proba-
bility measures that are ergodic in the sense of the following definition.

Definition 10. The homogeneous systefris ergodicif, in addition, the probability mea-
sureP is ergodic, that is if? satisfies a 0-1-law on thefield of all shift invariant events.

Ergodicity includes the case whet#“, %) (a € A) are independent and identically
distributed random variables.

Homogeneous systems of social interactions may be viewed as mixtures of ergodic sys-
tems. Given a homogeneous systém= (A, P, X, (U%),en), there exists a set g of
ergodic probability measures ¢®, F) and a mixing measure such thaf

P() = / v()m(dv).
Mo

In addition the measures € Mg are mutually singular: There exists (almost surely)
mutually disjoint set$£2, such that

v(Qy) =1 and v(Q;) =0 for v#7.

The systend can thus be viewed as a mixture of ergodic systéms (A, v, X, (U%)4en),
and we may think of a homogeneous system in two steps. First nature chooses an ergodic
measurey using the mixture measure Second it chooses an interaction pattéamd a
vector of taste shock&according tov.

The following result shows that the equilibrium analysis of homogeneous systems can
be reduced to the analysis of ergodic systems. The proof appears in Appehdix

Proposition 11. Let £ be a homogeneous system of random social interactions with an
associated ergodic decomposition(&y) ye p, -

() If g is a homogeneous equilibrium fér, then g coincides almost surely with a homo-
geneous equilibriung, for £, onQ,,.
(i) If for everyv, g, is a homogeneous equilibrium 6y, then the random variable g given

by
g(J,0)=g,(J,0) if (J,0)eQ,

defines a homogeneous equilibrium &or

4.1.3. Microscopic equilibria

When global interactions are present, the existence of an equilibrium for an ergodic
system can be conceptually divided in two parts. The first part consists of taking as given
for each(J, 0) an empirical distribution of actions and asking whether some prescribed
profile of actions maximizes utility of each agent when he takes as given the actions of

6 See Theorems 14.5 and 14.1(16] for further details.
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his neighbors and the given empirical distribution. The second part consists in checking
whether the actions assigned to each agent generate the prescribed empirical distribution.

To separate the two problems, we introduce the notion of a microscopic equilibrium for
a systent.

Definition 12. Forg € M(X), an action profile (¢, J, 0) = {g(0, J, ) }4ca iS amicro-
scopic equilibriumassociated witlp if

¢%0, J,0) € arg me}(xU“(x“, (g2, J, OYpzar 0, J4, 0°)  P-as. (12)
x4e
foralla € A.

Thus, a microscopic equilibrium associated witle M (X) is an action profile where
each agent maximizes his utility given the actions taken by all the other agents and given
the common anticipated distributianof actions throughout the entire system. What dis-
tinguishes a microscopic equilibriugie, J, 0) from an equilibrium is the fact that the
empirical distribution associated to the configuratidn, /, ) does not necessarily coin-
cide with o, and may even fail to exist. Of course, a microscopic equilibrium associated to
someg* is an equilibrium in the sense of our Definiti@rf

lim — Z 5g“(g*,],6’)(') = Q* P-a.s. (13)
aehA,

Sincep™* is independent af/, 0) a microscopic equilibrium will not be an equilibriumin the
sense of our Definitioi@ unless the microscopic equilibrium has an empirical distribution
thatis independent @f/, 6). As we will show below this property holds for a homogeneous
microscopic equilibrium of an ergodic system.

The existence of a microscopic equilibrium for general systems of random social inter-
actions follows from standard arguments, but there is no guarantee that this equilibrium is
homogenous even when the system is ergodic.

Proposition 13. Let& be a system of random social interactignst necessarily homoge-
neouy. For all ¢ € M(X) the system has a microscopic equilibrigitp, -) with respect to
0. In particular every purely local systehhas an equilibrium.

4.1.4. Existence and uniqueness of homogeneous microscopic equilibria

As we argued previously, it is natural to look for homogeneous equilibria in ergodic
systems. To establish the existence of a homogeneous microscopic equilibrium in infinite
systems we need to place qualitative bounds on the strengths of interactions between dif-
ferent agents and on the dependence of agents’ optimal choices on the perceived empirical
distribution of actions. We will in fact place bounds on the reactions of an agent’s choice
to changes on another agent’s action and to the anticipated distribution of actions.

In order to simplify notation, we will assume from now on that an agent’s utility function
is strictly concave with respect to his own action. The case where utility functions are
concave, but not necessarily strictly concave, is discussed in Sdclidhbelow.
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Assumption 14. The utility functionU in (11) is strictly concave with respect to its first
argument. In particular, an agents conditional best réplis uniquely determined:

h({(x"Ypzas 0, J, 0) := arg ma}(xU”(x”, (XY btas 0, 4, 0). (14)
x4e

Strict concavity of the agents’ utility functions with respect to their own actions along
with homogeneity of thé&/¢ yields homogeneity of the best reply functions:

R (X2 pstar 0, J, 0) = BOUXP ™Yo, 0, TOT, T0)  (a € A). (15)

This will allow us to state our weak interaction condition in terms of the best reply functions
of the “reference agent” 0.

The following lemma gives a simple sufficient condition for the existence of a homo-
geneous microscopic equilibrium, that is a microscopic equilibrium with a homogeneous
allocation.

Lemma 15. Ifan ergodic systerfi has a unique microscopic equilibriugio, -) associated
with a distributiong, theng (g, -) is a homogeneous allocation.

Before we introduce the weak interaction conditions that guarantee existence of equilibria
in infinite systems, we recall that the Vasserstein distance

| fde — ] fddl
L(f)

induces the weak topology afv1(X), and that(M (X), dy) is a compact metric space.

Here L(f) denotes the Lipschitz constant bivith respect to a metric that induces the
product topology on the configuration sp&&he next definition allows us to measure the
dependence of an agent’s best reply on another agent’s action and the anticipated distribution
of actions.

dy(0,0) = sup{ | f:S — R Lipschitz with constanL(f)}

Definition 16. The best reply functioh? is Lipschitz continuous if there are random vari-
ables(L?),ea Whose sum is uniformly bounded, and a random varidleuch that®-a.s.

1O((x "} a0, 0, J, 0) — h°({y"}are0, 0, J, O)]

<L (4000) 1x7 =y L2 (6°) dv 2. ). (16)
a#0

Given an interaction profil@ and a configuration of taste shodkshe quantityL* may
be viewed as a bound for the influence that an action taken by the ageit has on the
optimal choice of agent @ A. In a similar manner, the random varialilé measures the
dependence of agents 0's best reply on his expectation about the population behavior.

The following assumption, MSI, restricts the functions describing the optimal actions of
agents and is a natural generalization of the assumption made by Glaeser and Scheinkman
in [18]. Later, in the context of particular examples, we will derive it from restrictions on
the utility functions and interaction patterns.
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Definition 17. MSI holds for an ergodic syste# satisfying Assumptiori4, if the best
reply functioni? is Lipschitz continuous and if the constatité can be chosen to satisfy

Yo L¢)<a< L (17)
a#0
MSI holds in strong form if we can choose constahtsand L¢ such that
supLe(-) + supZ L)< < 1. (18)
a#0

Inequalities 17) and (18) bound interactions across agents. MSI only involves the sen-
sitivity of the optimal actions with respect to the individual actions, whereas MSI in strong
form also bounds the sensitivity with respect to the anticipated distribution of actions. Our
first result deals with existence and uniqueness of microscopic equilibria in homogeneous
systems. Examples where Assumption 17 can be verified will be discussed in Section 4.2.

Proposition 18. If £ is ergodic and MSI holdshen it has a unique and hence homogeneous
microscopic equilibriung (g, -) with respect to every empirical distributian

4.1.5. Existence and uniqueness of equilibria in ergodic systems of social interactions

PropositioriL8 gives sufficient conditions for the existence of a homogeneous microscopic
equilibrium for eaclp. We now establish the existence of an equilibrium in an ergodic system
that satisfy our MSI condition. Later we will use a weaker bound to prove existence results
for a restricted class of systems of social interactions.

Theorem 19. If £ is ergodic and has a homogeneous microscopic equilibgggm-) with
respect to every € M(X), then

(i) The empirical distribution associated to the equilibrium action prafile, -) exists
and is almost surely equal to{g], the distribution of the random variable® (o, -).
That is

: 1
i A, Z Oga(0.2.0)() = ulel P-a.s.
n

n—00
aeA,

(ii) If &€ satisfies MSlthen it has a homogeneous equilibrium whose associated empirical
distribution is almost surely independent(dt 0).
(iii) 1f MSI holds in strong formthe equilibrium is unique

A consequence of item (i) is that, if a homogeneous equilibrium exits for a purely local
ergodic system then this equilibrium has necessarily an empirical distribution that is in-
dependent of the realization of the taste shocks or interaction patterns. The existence of a
homogeneous equilibrium follows for instance from MSI. Hence in purely local ergodic
system where MSI prevails, the empirical distribution of actions in equilibrium is (almost
surely) independent of the particular realizatiori 6f)). Although we defined equilibrium
for such systems without requiring the existence of a well defined empirical distribution
of actions, if MSI prevails and the system is ergodic we could now require, as part of the
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definition of equilibrium, that the empirical distribution of actions is well defined and inde-
pendent of both the realized interaction pattern and the vector of taste shocks. If a system is
homogeneous, but not necessarily ergodic, then the empirical distribution of actions would
vary with (J, 8), but would be constant in eadB,, the support of the distinct ergodic
measures.

As far as we know there are no conditions on general systems of social interactions
other than our MSI assumption which guarantee the existence of spatially homogeneous
equilibria in random systems with locally interacting agents. The results in this section
establish that in homogeneous ergodic systems the existence of equilibrium is guaranteed
by MSI. Equilibrium is unique if MSI holds in strong form.

4.1.6. Existence and uniqueness in ergodic systems with one-sided interactions

We now consider a class of examples where existence and uniqueness of microscopic
equilibria can be established under the assumption that the interaction between different
agents is oraverage not too strongro this end, we introduce the notion of one-sided
interactions.

Definition 20. An ergodic systens = (A, P, X, U) hasone sided interactionis:

(i) The random variableg/“, 6“) (a € A) are distributed independently across agents.
(i) The interaction patterd does not have cycles (almost surely.) That is, for almost all
realizations, if there exists, b € A and sequence = ag, a1, az, ..., dy, dy11 =b €
A suchthav%-14 £ 0fori =1, 2,...,n,thenthereis nosequen@e) with by = b,

andb, 11 = a andJ?i-1bi £ 0foralli e N.

Mean-field models with independently distributétls constitute a particulary simple
class of models with one-sided interactions. The following example illustrates the notion of
one-sided interactions in a model with local interactions. More general systems with purely
locally interacting agents where the interaction structure does not admit cycles are analyzed
in, e.g.,[]10-12], and in a dynamic context with forward looking agents in [3].

Example 21. Let& = (Z, P, X, U) be ahomogeneous system where the random variables
(J%, 0% (a € A) are independent and wheB§J“? = 0 forallb # a + 1] = 1. Then&
is a system with one-sided interactions.

Existence and uniqueness results for ergodic systems with one-sided interactions can
be established under a weaker bound on the strengths of social interactions. Specifically,
we will use an AMSI condition. While MSI must hold for every realization of interaction
patterns and taste shocks, AMSI must only hold in expected value. That is, AMSI holds if
the interaction between different agenteisaveragenot too strong.

Definition 22. Let £ be an ergodic system satisfying Assumptiagh

(i) AMSI holds if the agents’ best reply functions are Lipschitz continuous and if the
constantd.“ can be chosen to satisfy

> ELY <1 (19)
a#0
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(i) AMSI prevails in strong form, if the constanfs® and L¢ can be chosen to satisfy

ELO+ ) EL* < 1. (20)
a#0

Again, AMSI only places bounds on the local interactions, whereas AMSI in strong form
involves the global terms. For mean-field systems, since the utility an individual enjoys
does not depend directly on the individual actions taken by his neighbors, we may choose
L* = 0 and AMSI is trivially satisfied.

The next result states that in models with one-sided interactions AMSI guarantees the
existence of homogeneous microscopic equilibria.

Proposition 23. Let £ be an ergodic system with one-sided interactions. If AMSI holds
then& has ahomogeneous microscopic equilibrigifa, -) with respectto every € M(X).

We are now ready to state the main result of this section.

Theorem 24. Let £ be an ergodic system with one-sided interactions.

(i) If AMSI holds £ has a homogeneous equilibriugii/, 0) with associated empirical
distribution almost surely independent(af, 0).
(ii) If AMSI holds in strong forgthen& has a unique equilibrium.

Remark 25. Let us consider again the mean-field model analyzefjr(Example 4).
Since, in equilibrium, all agents share the same expectation about the behavior of their
neighbors,E,x” = m for somem € [—1,1]. Since the system is mean-field we may
choosel* = 0, and AMSI is trivially satisfied. For mean-field systems with independently
distributedf“’s our Theorem 24 may therefore by viewed as a version of Proposition 2 in
[4]. If the dependence of an individual agent’s optimal actior asufficiently strong, the
system may have multiple equilibria. It admits a unique equilibrium whenekér< 1.

Brock and Durlauf provide in [4] detailed intuition of how sufficient dependence generates
multiplicity of equilibrium.

4.1.7. Extension to the non-strictly concave case

In the general case where utility functions are concave but not strictly concave with re-
spect to own actions, oexistenceesults apply to every homogeneous measurable selector
h = {h*},cn Of the agent’s best reply correspondence defined by Eq. (15) aboserfar
measurable selectaf of agent 0’s best reply correspondence. For instance, in analogy to
Lemma 15, if there is a unique microscopic equilibrium once we fixahomogeneous measur-
able selectoki(-, ¢, J, 0) of the conditional best reply correspondence, then this equilibrium
is necessarily homogeneous. Also, the existence result stated in Proposition 18 applies to
any homogeneous measurable selebtof the best reply correspondence. If a selector
h(-, 9, J, 0) satisfies the MSI condition, it induces a homogeneous microscopic equilibrium
with respect to any. An analogous modification of Theorem 19 also holds. In particular,
the existence of a homogeneous measurable selector of the best reply correspondence sat-
isfying MSI guarantees the existence of an equilibrium for an ergodic system. Similarly,
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for one-sided systems, existence holds if there is a measurable selector of the best reply
correspondence satisfying AMSI. Howewvenjquenesg a more subtle problem, since our
results would only imply uniqueness of equilibrium once we fix a measurable selection of
the best reply correspondence and, in general, different equilibria may result from distinct
selections.

4.2. Examples of random systems with moderate social influence

In this section we give some examples that illustrate our assumption of MSI. If the utility
functions are sufficiently smooth, Assumptidisand 22 can be translated into conditions
on marginal rates of substitution.

Example 26. Consider again the utility function specified in Exampldt is easily seen
that the (Average) MSI Assumption holds whenefgiis not too large. Thus, for a small
enoughf,, the system has an equilibrium. It has a unique equilibrium if, in addifigis
not too big.

Example 27. Consider the interaction pattern introduced in Exampland setX =
[—1,1]. Letm(g) = [ xo(dx), andmg(J) := % ZaeN(o) J%x“. Suppose that there exists
u: X3 x ® > Rsuch that:

VOGO, (x )0, 0. 0, 0%) = u (x% mo()), m(o), 0°)

We also assume that the may, mo, m) — u(x°, mg, m, 0°) is twice continuously dif-
ferentiable with negative second derivative with respeat®toFurther we assume that an
agent’s best reply is interior. The first order condition can be written as

ou(x®, mo(J), m(g), 0°)

20 =0.

~2
Since(,,(‘;cg’)2 < Oitfollows that the best reply of agentdA is uniquely determined. Since

P[J* =0] = 1fora ¢ N(0), L* = 0 wheneveu ¢ N(0). Fora € N(0) it follows from
P[]J%| <1] = 1 and from the implicit function theorem

2
OO g sa0 0. 1. 0| 1 | oz @O mo()). m(e). 0°)

axa =

P-a.s.

<|

5 0
ot (%, mo(J), m(@). 6°)
In particular, we can choose

& 0 0
. 1 WM(X ,mo(J), m(g), 0°)
L < supﬁ )
X,0 o
@,(XO)Z

P-a.s.

u(x%, mo(J), m(g), 0°
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Thus MSI occurs if

2
Cu(x% mo(J), m(g), 0°)
sup 6m°fx0 <a<1 P-a.s.

e a(iO)zu(xO, mo(J), m(g), 0°)

In this case, the system has an equilibrium. The equilibrium is unique if, for instance, the
stronger condition

= ux®. mo(J). m(@). 0° 2
o o) (@), ) .

+ sup 5
u(x, mo(J), m(e), 0°) x,0 |O0mox

sup|-2% u(x®, ma(J), m(o), 0% <o
X,0 0

a(XO)Z

holds almost surely for some < 1. If the interaction is one-sided in the sense of Defini-
tion 20, we have an equilibrium whenever

62

u(x%, mo(J), m(g), 0°

P A0
E | sup|—%~ - <o <1
w0 Lou (0, mo(J). m(@). 0°)

Let us now consider a generalization of the previous example.

Example 28. Consider again the interaction pattern described in Exarhpleet X =
[—1, 1] and assume that there exists a mapS x X x ® — R such that

U, 0,7% 0% =u (xo, {J9x" Y20, m(0), 90) :

Assume that the function is twice continuously differentiable with respect to both the

~2
actionsx” taken by the agents ama(o) and that% < 0. Using the same arguments as

in Example27 above, we see that moderate social interaction prevails if

Lou(x®, {J9x a0, m(0), 0°)
M - sup|—= <a<l P-a.s.

x,0 %i_o)zll(xo, {J9x} a0, m(0), 0%

4.3. Weak interactions and social multipliers

This section provides a rather informal discussiors@éial multipliersin random sys-
tems of social interactions. We extend the analys{d 8} to systems with a more general
interaction structure and quantify the effect of a change in an exogenous parpoetbe
change in the average behavior throughout the entire population. To simplify our analysis
we focus on systems with purely locally interacting agents.

Suppose utility function&“(x, J, 8, p) depend on some paramejee R, X C R, U?
is sufficiently smooth and strongly concave with respeat‘tcand the agents’ conditional
optimal action is uniformly (ora) interior. In addition to our MSI condition we assume



U. Horst, J.A. Scheinkman / Journal of Economic Thasryam) 1i—in 19
strategic complementaritthat is, Mﬁf”) > 0. Thus, an increase in his neighbor’s
action increases an agent’s marglna)f ut|I|ty of his own action.

As in [18], consider the mapping

F(x,J,0,p)=x—g(x,J,0, p),

whereg(x, 0, J, p) denotes the configuration of conditional best replies, given the action
profile x and the triple(0, J, p). The equilibrium action profilg (J, 0, p) solves

F(g(J,0,p), J,0,p)=0.

Consider the linear operatdt, (x, 0, J, p) on R”. MSI implies that this operator satisfies
Il — Fy|| < 1. Thus, by Theorem I1.1.2. i{83] the operato, has a unique linear inverse
F~1which is given by the Neumann series

Fl=I+(U—-F)+(U-F)>+---=1+H.

Under these conditions the optimal action profile is a smooth functipnanfd its derivative
is given by
dg(J, 0, oh(g, J, 0,
8( p)z(1+H) (g p)‘

ap ap
Strategic complementarity and MSI imply thi@t> 0. In this sense the effect grof changes
in pis an amplification of the effect amof the same change jn. The matrix with positive
entriesH gives us a social multiplier.

5. The structure of the equilibrium distribution

We now present some properties of the structure of the distribution of equilibrium ac-
tion profiles. To motivate our results, let us first examine the case whisra mean-field
system in the sense of our Definiti@y and the taste shocks are independent and identi-
cally distributed across agents with lawLet 1% (0%, ¢) = argmax. U (x4, o, 0) be the
conditional optimal action of ageat € A, given his private taste sho¢K and given his
expectatiornp € M (X) about the distribution of behavior throughout the entire system. The
law of the agent’s optimal action is denoted by

ya() = /5;,“(@,0")(')"(010”)-
The proof of the following proposition is trivial.

Proposition 29. Let& be arandom mean field system and assume that the taste shocks are
independent and identically distributed across agents. Thedafvan equilibrium action
profile g (g, 0) is of the form

pe =T] 70 (22)

aeA

In particular, u is uniquely determined by the distribution of an agéntstimal actions.
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Let us now return to Félimer's model of endogenous preference formation described in
Section3.2. In such a situation an agent’s action reveals his taste shockié‘i([@é}b#a,
0, 0%) = 6°. The conditional law,, (-; {xh}\b,a|=1) of the equilibrium action of an agent
a € A given the actions of his neighbors does therefore take the form

70 G A p—a=1) = Ta (3 X} p—aj=1)-

Consider an outside observer who, in equilibrium, observes the actions of all the agents
b # a. In Follmer's model it is enough to observe the actions taken by the neighbors of
a € A'in order to determine the distribution of this agent’s equilibrium action. Our aim is
to clarify to which extend this result carries over to more general models. The next example
shows that when there are local interactions knowledge of a non-neighbor’s action can help
predict the action of an agent even after conditioning on the actions of all his neighbors.
As a consequence, the conditional distribution of an agents’ equilibrium action given the
choices of all the other agents does not necessarily coincide with the law of his conditional
best reply function.

Example 30. Agents are located on the one-dimensional integer latiead the utility

an agentz € A enjoys depends on his own action, on the actions taken his neighbors,
agenta — 1 and agent + 1, and his private taste shock. The taste shé€k& € A) are
independent across agents and uniformly distributeg-&)0.5]. Let X = [0, 1], and

U(‘x{l, {xb}b;ﬁas 00) — x(l(‘x(lfl +xa+l _ 1+ Ha).

The system is purely local, and hence by Propositi8iit has an equilibrium. The condi-
tional optimal actiorh“({xb}b#, J2, 0% of the agent: € A satisfies

h (XY pzar T, 0%) € {0, 1) P-a.s.

and the lawy, (-; {x”}.0) of the random variabl&®({x"}; .., J¢, ) takes the from

zqurl + Zxafl -1 O}
5 s .

70(L; (X0} p20) = max{

In particular, an agent € A never chooses actiotf’ = 1 if both neighbor® € N(a)
play x” = 0. Moreover, independently of his neighbors choices, the agenf\ takes the
actionx? = 0 wheneve) < —1. Consider now the event

B:={02<-10-1>0, 00>0, 61>0, 0 <—1}.

The setB has positive measure, and we may with no loss of generality assume that the
equilibriumg(J, 0) = {g?(J, 0)},en satisfies

¢, 00=1 and g*2U,0)=0 on B.

In fact, such an equilibrium can be obtained from any other equilibrium via a suitable
modification. Let us denote the law of the random varialé, 6) by u. SinceP[B] >

0 we also have that({g*™ = 1,¢g* = 0}) > 0 and so the conditional probability
w(g® = 1]g*1 = 1, ¢*2 = 0) is well defined. Now recall that is concentrated on a set of



U. Horst, J.A. Scheinkman / Journal of Economic Thasryam) 1i—in 21

equilibrium action profiles and that the agent 2 is assumed to choose actiof = 0.
Since, in equilibrium, agent = 1 chooses® = 1 only if agentz = 0 playsx® = 1,

ue®=11g1=1¢2=0=1

Forx®™ = x~1 = 1, however, we have that
3
T (xhoso) = 2 A u(g" =11g" =12 =0 =1

Thus, the conditional marginal distribution pfwith respect to the actior{sb}b# is not
described by the stochastic kermgl The fact that agent 2 chose action 0 and agent 1 chose
action 1 means that agent O must have chosen action 1. For otherwise agent 1 would have
chosen action 0. Hence knowledge of the action chosen by agent 2, who is not a neighbor
of agent O tells an observer who knows the action of agent 1 something about the choice of
agent 0. This is because agents 0 and 2, though not neighbors of each other, have a common
neighbor, agent 1. On the other hand, no agent at distance bigger than 2 from agent 0 has a
common neighbor with agent 0. Hence knowledge of the actions taken by agents that are
at distance bigger than 2 from agent 0 does not help predict the action of agent 0, if the
observer already knows the actions chosen of all agents that are located at distance 1 and
2. TheorenB2 below confirms that this intuition holds in general.

We have seen that in the special case of a pure mean field interaction, the law of the
equilibrium action profile is uniquely determined by the stochastic kerfigls € A) onX
which describe the law of an agents’ optimal action. Example 30 shows that in purely local
systems, the law of the equilibrium action profile need not be determined by the laws of the
agents conditional optimal actions, even if the taste shocks are independent and identically
distributed across agents. In particular, givenekeilibrium actionsx? of all the agents
b # a, the conditional distribution of ageats action typically does not only depend on
the actions taken by his neighbors.

The next theorem shows that the Markovian property that holds for Example 30 has a
natural extension for purely local systems of social interactions with i.i.d. shocks and where
no agents has neighbors at a distance more than a cofgtaftie intuition is again the
same. Two agents at a distance more thha2e not neighbors and do not have a common
neighbor. As a result, conditional on the actions taken by all the agents at distance at most
2M from a given agent, knowledge of the actions of agents at further distance does not help
predict that agent’s action.

Definition 31. Let £ be an ergodic systems of social interactions, ang le¢ the distri-
bution of a homogeneous equilibrium action profilex has a Markov property of order
N e N if

wgle | F O =pugle | Fy)  pas.
where F~% and Fy denote, respectively, the-fields generated by the random variables
{g“}a;so and{ga}aeBN and

By = {b e7%:1< max |b"|<N}.
k=1,....d
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The equilibrium distribution in the model specified in Secto® has a Markov property
of order 1. The following theorem states a general result about the structure of the distribution
of equilibrium action profiles for purely local systems. The proof appears in Appendix B.

Theorem 32. If £ is a purely local homogeneous system satisfying

(i) There exists aconstaM < oo such that?’[/*? = 0] = 1whenevemax.—1. . g |a* —
b*| > M. That is the utility of an agent is not affected by actions of agents that are far
enough.

(i) The random variablegJ/?, 0) are independent and identically distributed across
agents.

Then the law of a homogeneous equilibrium action profile g has a Markov property of
order2M.

For ergodic systems of social interactions where an agent’s utility depends on both the
actions taken by some neighbors and the average action throughout the whole population, we
cannot expect a Markov property. Given a homogeneous equililgjamoutside observer
knows the empirical distribution of all the agents’ states once he observes all the actions
g with a # 0. This information is not available to him if he only observes the actions of a
finite number of agents. However, if the observer knows thedafithe equilibrium action
profile, then he also knows the associated empirical distribution. In an ergodic system the
latter is almost surely given by the one-dimensional marginal distributions bf this
sense knowledge qf implies knowledge of the empirical distribution of agents’ actions
in equilibrium. Thus, for models with local and global interactions, we have the following
weaker Markov property.

Corollary 33. Let& be an ergodic system that satisfies assumgfjcend (ii) of Theorem
32and letu be the distribution of a homogeneous equilibrium g. Thémas the following
weak Markov property of ordezM:

uele | F 2o =uge | Foy.00  pas.
whereg denotes the empirical distribution associated to the equilibrium action prafile g

For non-purely local systems, the assumptions of the corollary allow dependence on
actions of agents that are farther thai 2but only through the empirical distribution of
actions.

6. Conclusion

In this paper, we established existence and uniqueness results for systems of social inter-
actions with an infinite number of agents in the presence of both local and global interactions.
For purely local systems, continuity of the utility functions in the appropriate topology to-
gether with the usual convexity assumptions suffice. Note however that for systems with an
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infinite number of agents, continuity requires that the dependence of an agent’s utility on
other agents’ actions decay sufficiently fast as the distance between agents increases.

In the presence of global interactions existence of an equilibrium seems to require further
assumptions. We restricted our analysis to the case of spatially homogeneous systems. We
first observed that we may view spatially homogeneous systems as mixtures of ergodic
systems. We may thus think of a homogeneous system in two steps. Nature first picks an
ergodic system using a distributian; and then chooses an interaction pattern and a taste
shock according to the distribution of the selected ergodic system.

If an ergodic system satisfies the assumption of moderate social interactions then exis-
tence of equilibrium obtains. In fact, we show the existence of an equilibrium where the
empirical distribution of actions is always well defined and independent of the realized inter-
action pattern and taste shocks. For homogeneous systems this implies that the equilibrium
distribution of actions only depends on the ergodic system chosen by nature. Furthermore,
if the utility functions are strictly concave on own actions, a stronger form of MSI also
delivers uniqueness of equilibrium for an ergodic system. For one-sided systems we obtain
existence from the weaker assumption of average moderate social interactions. Uniqueness
follows if we assume strict concavity and a stronger version of AMSI.

We also show that for purely local systems in which interactions have a maximum radius
M, the law of the equilibrium profile is Markov of orded2 An example shows that one
cannot do better, and hence that we cannot describe equilibria via a family of stochastic
kernels that specify the conditional distribution of actions by an agent, given the actions of
his neighbors.
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Appendix A. Proof of the existence and uniqueness results

In Appendix A we present the proofs of our existence and uniqueness results.

A.1l. Reduction to the ergodic case

The analysis of homogeneous systems of social interactions can be reduced to the analysis
of ergodic systems.

Proof of Proposition 11. Let g be a homogeneous equilibrium for the homogeneous sys-
tem&. The ergodic theorem implies that the empirical distribution associated to the equi-
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librium action profileg(J, 0) exists almost surely and is, conditioned@pnindependent of
(J, 0). This shows that the random varialgleon Q, given by

e(J,0) =g, 0) on Q,

defines a homogeneous equilibrium &t In order to show (ii) it is enough to show thgt
is well defined, i.e., that

Pl J @ne|=o0
v#EIEM

This also follows from the ergodic theorem(]

A.2. Existence of microscopic equilibria

Proof of Proposition 13. The utility functions are concave in the agents’ own actions and
continuous. Thus, the best reply corresponddniupper hemi-continuous. Sineeis
compact and convex, the existence of a fixed point of thexmapx?) e — h(x, 0, J, 0),

i.e., a microscopic equilibrium associatedstdollows from the Kakutani-Fan-Glicksberg
fixed point theorem. [J

A.3. Equilibria in ergodic systems

This section proves existence and uniqueness results of equilibria in ergodic systems of
random social interactions. In a first step we establish existence of homogeneous micro-
scopic equilibria. We then use a fixed point argument to prove existence of an equilibrium.

A.3.1. Existence and unigueness of homogeneous microscopic equilibria
We first prove our existence and uniqueness result for homogeneous microscopic equi-
libria for ergodic systems.

Proof of Lemma 15. Let h be the best reply function, ang(o, -) the unique micro-
scopic equilibrium associated o Theng(o, T?J, T?0) = {g%(0, T?J, T?0)},cn and
g0, J,0) = {g%o, J, 0)}.cn are the microscopic equilibrium configurations giv@i J,
Tb0) and(J, 0), respectively. Homogeneity of the best reply function yields

870, J,0) =h (g0, T, 0)}esza—b, 0, J, O})
=h"({g (0, J, ))ca 0, T0J, TP0})

almost surely. Thus, give(@™”J, T?0), if player a chooses the actiog®~" (o, J, 0) then
no agent has an incentive to deviate. This shows{i#fat’ (o, J, 0)},c is an equilibrium
action profile for(T?J, T?0), and so uniqueness of equilibria implies homogeneity:

20,77, T°0) = g7 (0, J, 0) P-as. O
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Proof of Proposition 18. Let us fixg € M(X) as well as an interaction pattedrand a
configuration of taste shocks For a given action profile € S we put

h(x,0,J,0) = (h*((x"Ypzar 0 T, 0“)}aen.

The existence of microscopic equilibria with respecp toas already been established. In
order to show uniqueness of equilibria in homogeneous systems in which MSI prevails, we
fix configurationsx, y € S. Under MSI we havé®-a.s. that
2 “Yaz0, 0, J, 0) — B4y “}ar0, 0, J. O)]
<Y L0, 09%1x — Y <omax x4 — y9).
HZ#O (2, 00)1x =y Sormax fx — y|

Thus, by homogeneity of the best reply function,fo£ y we have for almost all interaction
patterns and taste shocks that

max |1 ({x"}pza, 0. J, 0) — K ({y"otas 0. J, 0)] < max|x® — y*|.
acA acA

This shows that the map— h(x, g, J, 0) has almost surely at most one fixed point. Spatial
homogeneity of the equilibrium follows from Lemni®. 0O

A.3.2. Existence and unigueness of equilibria

This section contains the proofs of existence and uniqueness results for equilibria in
ergodic systems of social interactions. In a first step we prove that distributigrof an
agent’s actiong?(p, -) dependsin a Lipschitz continuous manner on the perceived empirical
distribution ¢ if the interaction between different agents is not too strong. We then show
that the map — u[g] has a fixed point.

Lemma A.1. Let& be an ergodic random system andgép, -) be a homogeneous micro-
scopic equilibrium with respect te. If MSI occurs then the map — g%, -) is almost
surely Lipschitz continuous. That there exists a constarit < oo such that

%0, ) —£%@, )| <Ldv(@,0)  P-as. (A1)
If MSI holds in strong formthe constant L irfA.1) is strictly less thari.

Proof. Since{g?(o, J, 0)}.ca is an equilibrium with respect to, we have

890, J,0) = h*({g" (0, J, )}arp, 0. J, 0).
Thus, forg, 0 € M(X) anda € A,] on a set of full measure
18%0. 7. 0) — g°(3. J. 0)| (A.2)
<R @, I, D}axo, 05 J, 0) — KO @, J, 0)}aro, 8, J, 0)]
+1h0({g" @, J, D)}aro, 8, J, 0) — h°((8°(@, 7, 0)}aro, 8, J, 0)]

SLUO)dy (@, 0) + Y LI 091" @, J,0) — g (@, J, 0)] (A3)
a#0
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because an agent’s best reply function is Lipschitz continuous. Homogeneity of the micro-
scopic equilibrium yields
8%, 7, 0) — ¢°@, J, 0)]
SLUOdyv@,8) + ) L%, 091g%@, 740, T*0) — ¢°@, T*J, T°0)],
a#0
and so
supg®@. ) — %@, )l
<dv (@, 2 SUpLY() +sup|g®(@, -) — g°@, )Isup Y | LU(:).
a#0
Thus, the MSI condition yields

sup Le()
1-sup) yz0 L0

1£°(0, ) — %@, )< dy@,8) P-as. O

We now show that the empirical distribution that obtains in a homogeneous microscopic
equilibrium associated with a distributiens almost surely independent of both the realized
interaction pattern and the actual configuration of taste shocks, and that it varies continuously
with ¢ if MSI prevails.

Lemma A.2. Let& be an ergodic system. Denote §fp, -) a homogeneous microscopic
equilibrium associated to € M (X) and bypu[o] the law of the random variablg®(o, -).

(i) The empirical distribution associated to the equilibrium action profile, J, 0) exists
and is almost surely independent of the realized interaction pattern and the configura-
tion of taste shocks. That is

1
im —— 04a () = ulo] P-a.s.
e A, anA; 8%(0.J.0) Hle

(ii) 1f MSI holds then the mapping — u[e] is continuous and has a fixed-point. The fixed
point is unique if MSI holds in strong form

Proof. Since the mag®(o, -) is bounded and measurable and because the sequence of
random variable$§(J¢, 07)},ca is stationary and ergodic, our first assertion follows from
Birkhoff’s ergodic theorem:
li ! 0
a2 deern®)
acA,

1
= lim — 0,0y 7a 7 7apy(*)
n—oo |A,| anA; g°(e.T*J.T0)

= ulo] P-as. (A.4)
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In order to establish (ii), we fix a bounded Lipschitz continuous funcfionX — R. The
ergodic theorem yields

/fdu[@] Z/fogo(g, J,0)dP.

Thus, in view of Lemma\.1 we have

J1f0g%@ 7.0 = fog%@, J,0)] dP
f L(f)

< / 18°@. 1. 0) — §%@. 7. 0)| dP< Ly 3. 9)

whenever MSI prevails. Thus, the map— pu[g] is continuous. SincéeM (X), dy) is a
compact metric space, our assertion follows from Brower’s fixed point theorem. If MSI
holds in strong form, the map — pu[g] is a contraction. In this case the fixed point is
unique. O

dy (u[0], ulo]) < sup

We are now ready to prove the main results of this paper.

Proof of Theorem 19. Let g(g, -) be a homogeneous equilibrium with respecptdBy
Lemma A.2 that there exists’ € M (X) such that

. 1
Q*: lim —— Z 5g”(g*,],0)(')' (A5)

e |An| aeA
n

Thus thep*-equilibrium action profilgg“ (¢*, J, 0)},ca is almost surely an equilibrium in
the sense of our Definitioh. The uniqueness claim also follows from Lemma A.Z1]

A.4. Equilibria in ergodic systems with one-sided interactions

This section contains the proofs of existence and uniqueness results for equilibria in
ergodic systems with one-sided interactions. We modify arguments that have previously
been applied in [3] to prove existence of equilibriain dynamic models of social interactions.
Define an operatodv on the class of all bounded measurable functions bt X by

VIUL 0 = (VAU Olcn  with
(VU0 =1 ({f (X0, T*O))uro, 0, I 0°)

Every fixed pointf (g, -) of V gives rise to a homogeneous equilibrium with respect to
Indeed, the best reply functions satisfy the homogeneity conditions

W (X Yeszar 0, 1, 0) = hOUx Y ea, 0, T T, T0).
Thus, withy® (g, J, 0) := f (e, T*J, T*0) we obtain
¥ (0. J,0)=Vf(o, T*J, T*0)
=h2({f (0. T**J, T 0)}p 0. 0. T“ T, T0)
=n°({y""“(0. J. 0)}p0. 0, T*J, T0)
=h"({y"(@. J. O)}p£a. 0. J. 0).
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In particular, a homogeneous configuratidi, -) is a microscopic equilibrium with respect
togifandonlyif g (g, -) is a fixed point of the operat®:. In order to prove Propositid?3 it
is thus enough to show theithas a unique fixed point. For this, we introduce the interaction
matrix L = (L"), pea with entriesL%? := L~ o T, The quantityL** measures the
dependence of the best reply of the ageoin the action taken by ageht Observe that
L% = L% so that homogeneity along with AMSI impli@s,_ L =, A FLP <1
foralla € A.

The following lemma turns out to the key to the proof of our existence and uniqueness
result for one-sided interaction.

Lemma A.3. LetL, = (LZ*") be the nth power of the matrix = (L%”). Then

lim ELO? =0
Jim > EL,
acA

whenever the assumption of Theor2éare satisfied.

Proof. Let& be a homogeneous system with one-sided interactions. The random variables
L*? depend on the entire interaction pattdrand on the vector of taste shockonly
throughJ¢ and6“. In particular, the random variablés? and L¢¢ are independent for

a # ¢ because the interaction patterns have no circles. Thus

n—1
F[L-42]92:03 . . . [ 4n-1.0n] — l_[ [F [ %-di+1
i=1
for any sequencey, ap, . .., a, and alln € N. By homogeneity of the best reply function,
EL%? = ELbet? and so an induction argument shows

DL = Y E[r0ergt] =Y B0 ELg

aeA a,beA aeA beA
n n+1
< <Z [ELO'“> (Z [ELO*“> < (Z [ELO'“> .

acA acA achA

Thus, the assertion follows from the AMSI assumptiofl
We now prove existence and uniqueness of homogeneous microscopic equilibria.

Proof of Proposition 23. For any bounded measurable functighs’ our AMSI assump-
tion yields

VF=VASY LY foT—foT?  P-as.
aeA
By iteration we obtain

V2f = V<Y Y LML | fo T — foT*™?|  P-as.
acA beA
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and for anyn € N
V=V A Le U flloo + 1flle)  P-as.
beA

Thus, LemmaA.3 yields

Jim By p - v fI< lim (Z [ELO’“> (1 lloo + 11 flloc) = 0. (A.6)

acA

This shows that the sequengg” f},cn is a Cauchy sequence il (Q, P). Since the
spaceL(Q, P) is complete and because @.6), the sequencéV” f},cn converges in
LY(Q, P) to a random variablg (o, -) that does not depend on the starting pdirgince
L'-convergence implies convergence in probability, for evety 0 there existsVp € N
such that

P[IV'fe) = fle.)1<5] 21— 5 forall n>No. (A7)
Lipschitz continuity of the best reply functidi? guarantees tha{y can be chosen to satisfy

PV i) - Vi@ )I<5] 21— 5 forall n>No. (A.8)

&
2
Combining A.7) and (A.8) we obtain
n - ¢ n—-1, &

P [{vire - re<sfn{ivvitie ) - vie <5l 21—
Since

[vire) - rea<s)n{ivvtre s - vie <)

C{lVfe, ) — fe. )l<e}

this shows that

P[IVf(e,) — flo,)I<e] >21—¢ forany &> 0.
Thus,

and sof (g, ) is a microscopic equilibrium. In order to establish uniqueness recall that
convergence in probability implies almost sure convergence along a suitable subsequence.
For any fixed pointf*(p, -) of the operato¥ we can thus find a subsequerieg};cn such

that

lim Vi fie ) = fe.)  P-as.

Since f*(g, -) is a fixed point,f*(o, -) = V" f*(o, -) almost surely, and sB[ f (g, -) =
[, )1=1. 0
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The next result shows that, in a microscopic equilibrium, an agent’s actions depends, on
average, in a Lipschitz continuous manner on the perceived empirical distrilpution

Lemma A.4. Let& be an ergodic system with one-sided interactions anget-) be a
homogeneous microscopic equilibrium with respecp.tétf AMSI holds the mapsp +—
g%(p, ) are Lipschitz continuous on average

If AMSI prevails in strong fornthe constant L irfA.9) is strictly less thari.

Proof. Homogeneity of the systed and the equilibriung yields
Elg®@, ) — %@, ) = Elg" @, ) — g°@, )| foralla e A. (A.10)

In view of (A.3) we have

FIg®@, ) — %@, )I<EL%y (@, ) + E| ) L O)g* @, ) — (@ )l
a#0
Note that the random variablef depends o1iJ/°, 90) whereas the random varialgé(g, )
depends on the realizations of the interaction pattéfnand taste shock®’ of the agents

b € A with whom the agert is directly or indirectly linked. For a systeéwith one-sided
interactions this means that the random varialilésndg? (¢, -) are independent. Thus

Elg®@. ) — £°@. I <EL%y (2,0) + ) EL“Elg“@, ) — g“@, ).

a#0
Thus, @A.10) along with our AMSI condition shows that
EL?
E O A? N - O N’ ° < T~ 7"
1872, ) = 8°@, )< = > oL

This proves our assertion.[]
We are now ready to prove the main result of Sectidn6.

Proof of Theorem 24. Letg(p, -) be ahomogeneous microscopic equilibrium. Proceeding
as in the proof of Lemma A.2 we can show that the empirical distribytjeh associated

to the actions profilez (g, -) exists almost surely, that the map— pu[g] is Lipschitz
continuous (a contraction) if AMSI holds (in strong form). Existence and uniqueness of
equilibria follow as in the proof of Theorem 19[]

Appendix B. Proof of the Markov property

In Appendix B we prove the Markov property of the distributiprof an equilibrium
action profileg. For notational convenience we restrict ourselves to the case where the
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agents are located on the one-dimensional integer lattice, i.4\, 40 Z, and assume a
nearest neighbor interaction, i.81, = 1 andJ“%*1 = 1, J%? = 0 otherwise. The general
case follows from similar considerations.

Proof of Theorem 32. For a given action profile =% = {x%},.0 let

)’C‘—O — {x—Z’ .X_l, x+l’ x+2}

be its projection on the actions taken by the agents {—2,—1,1,2}, and forB =
{{x9Yaz0: x* € X} we putB := {°: x~0 € B}. We need to prove that satisfies

WA | B) = u(A | B) for any measurabld ¢ X and allB with  u(B) > 0.

To this end, we proceed in three steps.

(i) Given a set of possible equilibrium actiong™® of all the other agents # 0, we
have additional information about the equilibrium actidhof the agent 0. Sincg is
concentrated on the set of atjuilibriumaction profiles, we know thaf must stabilize
the best replies of agent 0’s neighbors for at least some action pgoflle B. More
precisely, the agent 0 necessarily takes an action from the set

G(B) = {xo € X : there exist9) = {0"},ca such that the equilibrium

actionsg ~°(0) satisfyg° € B andg™ = h°(0*1, x°, gﬂ)] .

Thus,u(A | B) = P[g% € A | g% € G(B)]. Sinceu(B) > 0impliesP[g° € G(B)] >
0, Baey's formula yields

P[¢° e ANG(B)]

MATE) = =50 e GB)]

(B.1)

If we only observe the actions of the agehts {—2, —1, 1, 2}, we have, in principle,

less information. In principle we only know that player 0’s choice must stabilize his

neighbors’ best replies givesomeequilibrium actionsy~© such thatp = € B. Thus,
we only know that the agent chose an action some the set

G(B) = {xo € X : there exist®) = {0}, such that the equilibrium
actionsg~%(0) satisfy2—%(0) e B andg™* = h%(6+, x°, giz)} .
By analogy to B.1) this yields

P[g° € AN G(B)]

A|B) = -
AT = e Gyl

(B.2)

(i) Let us denote by the law of the of the random variablé$ and introduce the set

H(B) := {0 ={0"}yen : g °0) € B} (B.3)
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of all configurations of taste shocks which are compatible with the fact that the equi-
librium actionsg—0 belong to the seB. Independence of the random variabi¥s
(a € A) yields

PIe® € G(B)1 = [ Luaw(0")uen) [] viae®)

acA
= [ [ 11w @ 10" T] viae) T viaer)
b+l a=+1
:/[P’[go eGB) |0 [T vao (B.4)
a=+1

and the following representation of the conditional probabilitye® € G(B)}, given
0t 07h:

Ple® € G(B) | 077
=v [(90 . there existy—© € B such that withg® = 1°(6°, y*1) we have
yEL = L gL g0, yiz)_] (B.5)

We now consider the quantify[g° e G(B)]. By analogy to B.3) we introduce the
set

AB) = {0=0")aea : §7°0) € B}

of all taste shockd$) such that, in equilibrium, the actiorg:s‘o of the agents: €
{£2, £1} belong to the set of observed equilibrium actidghsBy analogy to B.4)
and (B.5) independence of the taste shocks yields

PLe® € G(B)I = [ L4 (10°)ier) [ viae®)

acA

:/P[goe G(B) | 0 [ vdo™.

a==+1
and a representation of the conditional probabilityg®f € G(B)}, given0~* and6*:
Pe® e G(B) | 0*1]
= [00 . there exist equilibrium actions © satisfyingz—° € B such
that with g© = h%(6°, z*1) we haver*! = r+1(H*2, g, ziz)] .
(iii) A pair (y=9, z79) of equilibrium actions that satisfigs © = 20 also satisfies

R0,y = h* (0%, z%*Y) for a=—1,0,1 andany pair (071, 0*1).

This shows that, given the taste sho6ks andd~* the following sets are equal:

[90 . there existy~° € B such that withg® = 1°(6°, g*1) we have

yEL = pELEL g0, y:I:Z)]
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and

{90 - there exist equilibrium actions ™ that satisfy2° € B such
that withg® = h%(6°, z*1) we haver™t = h*1(6F2, g0, zﬁ).}
In view of (B.4) and (B.4) this yields
P’ € G(B)] = P¢° € G(B)].
Similar arguments can now be applied to prove that
Pg® € ANG(B)] = P[g° € AN G(B)),

and so the assertion follows froB.(l) and (B.2). [
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